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Preface

This course is about 13.8 billion years of cosmic evolution:

At early times, the universe was hot and dense. Interactions between particles were frequent
and energetic. Matter was in the form of free electrons and atomic nuclei with light bouncing
between them. As the primordial plasma cooled, the light elements—hydrogen, helium and
lithium—formed. At some point, the energy had dropped enough for the first stable atoms
to exist. At that moment, photons started to stream freely. Today, billions of years later, we
observe this afterglow of the Big Bang as microwave radiation. This radiation is found to be
almost completely uniform, the same temperature (about 2.7 K) in all directions. Crucially, the
cosmic microwave background contains small variations in temperature at a level of 1 part in
10 000. Parts of the sky are slightly hotter, parts slightly colder. These fluctuations reflect tiny
variations in the primordial density of matter. Over time, and under the influence of gravity,
these matter fluctuations grew. Dense regions were getting denser. Eventually, galaxies, stars
and planets formed.

(Chapter 3) (Chapters 4 and 5)
Dark Matter Structure
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This picture of the universe—from fractions of a second after the Big Bang until today—
is a scientific fact. However, the story isn’t without surprises. The majority of the universe
today consists of forms of matter and energy that are unlike anything we have ever seen in
terrestrial experiments. Dark matter is required to explain the stability of galaxies and the rate
of formation of large-scale structures. Dark energy is required to rationalise the striking fact that
the expansion of the universe started to accelerate recently (meaning a few billion years ago).
What dark matter and dark energy are is still a mystery. Finally, there is growing evidence
that the primordial density perturbations originated from microscopic quantum fluctuations,
stretched to cosmic sizes during a period of inflationary expansion. The physical origin of
inflation is still a topic of active research.



2 Preface

Administrative comments.—Up-to-date versions of the lecture notes will be posted on the
course website:
www.damtp.cam.ac.uk/user/db275/cosmology.pdf

Starred sections (*) are non-examinable.

Boxed text contains technical details and derivations that may be omitted on a first reading.

Please do not hesitate to email me questions, comments or corrections:
dbaumann@damtp.cam.ac.uk

There will be four problem sets, which will appear in two-week intervals on the course website.
Details regarding supervisions will be announced in the lectures.

Notation and conventions.—We will mostly use natural units, in which the speed of light and
Planck’s constant are set equal to one, ¢ = h = 1. Length and time then have the same units.
Our metric signature is (+———), so that ds? = dt? —dx? for Minkowski space. This is the same
signature as used in the QFT course, but the opposite of the GR course. Spacetime four-vectors
will be denoted by capital letters, e.g. X* and P*, where the Greek indices p, v, --- run from 0
to 3. We will use the Einstein summation convention where repeated indices are summed over.
Latin indices i, j, k, - - - will stand for spatial indices, e.g. 2* and p’. Bold font will denote spatial
three-vectors, e.g. & and p.

Further reading.—I recommend the following textbooks:

> Dodelson, Modern Cosmology
A very readable book at about the same level as these lectures. My Boltzmann-centric treatment

of BBN and recombination was heavily inspired by Dodelson’s Chapter 3.

> Peter and Uzan, Primordial Cosmology

A recent book that contains a lot of useful reference material. Also good for Advanced Cosmology.

> Kolb and Turner, The Farly Universe
A remarkably timeless book. It is still one of the best treatments of the thermal history of the

early universe.

> Weinberg, Cosmology
Written by the hero of a whole generation of theoretical physicists, this is the text to consult if you

are ever concerned about a lack of rigour. Unfortunately, Weinberg doesn’t do plots.

Acknowledgements.—Thanks to Paolo Creminelli for comments on a previous version of these
notes. Adam Solomon was a fantastic help in designing the problem sets and writing some of
the solutions.
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The Homogeneous Universe



Geometry and Dynamics

The further out we look into the universe, the simpler it seems to get (see fig. 1.1). Averaged over
large scales, the clumpy distribution of galaxies becomes more and more isotropic—i.e. indepen-
dent of direction. Despite what your mom might have told you, we shouldn’t assume that we
are the centre of the universe. (This assumption is sometimes called the cosmological principle).
The universe should then appear isotropic to any (free-falling) observer throughout the universe.
If the universe is isotropic around all points, then it is also homogeneous—i.e. independent of
position. To a first approximation, we will therefore treat the universe as perfectly homogeneous
and isotropic. As we will see, in §1.1, homogeneity and isotropy single out a unique form of
the spacetime geometry. We discuss how particles and light propagate in this spacetime in §1.2.
Finally, in §1.3, we derive the Einstein equations and relate the rate of expansion of the universe
to its matter content.

12y

us8

200

Figure 1.1: The distribution of galaxies is clumpy on small scales, but becomes more uniform on large scales
and early times.



5 1. Geometry and Dynamics

1.1 Geometry

1.1.1 Metric

The spacetime metric plays a fundamental role in relativity. It turns observer-dependent coor-
dinates X* = (t,z') into the invariant line element!

3
ds® = Z g dXHdX" = g, dXHdX" . (1.1.1)
p,v=0

In special relativity, the Minkowski metric is the same everywhere in space and time,
g = diag(1,-1,-1,-1) . (1.1.2)

In general relativity, on the other hand, the metric will depend on where we are and when we

are,
Guv(t, ) - (1.1.3)

The spacetime dependence of the metric incorporates the effects of gravity. How the metric
depends on the position in spacetime is determined by the distribution of matter and energy in
the universe. For an arbitrary matter distribution, it can be next to impossible to find the metric
from the Einstein equations. Fortunately, the large degree of symmetry of the homogeneous
universe simplifies the problem.

negatively
curved

positively
curved

Figure 1.2: The spacetime of the universe can be foliated into flat, positively curved or negatively curved
spatial hypersurfaces.

1.1.2 Symmetric Three-Spaces

Spatial homogeneity and isotropy mean that the universe can be represented by a time-ordered
sequence of three-dimensional spatial slices ¥, each of which is homogeneous and isotropic (see
fig. 1.2). We start with a classification of such maximally symmetric 3-spaces. First, we note that
homogeneous and isotropic 3-spaces have constant 3-curvature.” There are only three options:

!Throughout the course, will use the Einstein summation convention where repeated indices are summed
over. We will also use natural units with ¢ = 1, so that dX° = dt. Our metric signature will be mostly
minus, (+,—, —,—).

2We give a precise definition of Riemann curvature below.
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zero curvature, positive curvature and negative curvature. Let us determine the metric for each

case:

e flat space: the line element of three-dimensional Euclidean space E? is simply
d6? = dzx? = §;;da’da? . (1.1.4)

This is clearly invariant under spatial translations (2! — % + a’, with o’ = const.) and
rotations (:EZ — Rikxk, with 5inikle = 5kl)

e positively curved space: a 3-space with constant positive curvature can be represented as
a 3-sphere S% embedded in four-dimensional Euclidean space E4,

de? = dz? + du? | x? +u? =ad*, (1.1.5)

where a is the radius of the 3-sphere. Homogeneity and isotropy of the surface of the
3-sphere are inherited from the symmetry of the line element under four-dimensional ro-
tations.

e negatively curved space: a 3-space with constant negative curvature can be represented as
a hyperboloid H? embedded in four-dimensional Lorentzian space R3,

de? = da? — du? | x® —u® = —a*, (1.1.6)

2 is an arbitrary constant. Homogeneity and isotropy of the induced geometry

where a
on the hyperboloid are inherited from the symmetry of the line element under four-

dimensional pseudo-rotations (i.e. Lorentz transformations, with u playing the role of time).

In the last two cases, it is convenient to rescale the coordinates, * — ax and v — au. The line
elements of the spherical and hyperbolic cases then are

d¢? = a? [dz® £ du?] , x® +u? =41, (1.1.7)

Notice that the coordinates & and u are now dimensionless, while the parameter a carries
the dimension of length. The differential of the embedding condition, % + u? = +1, gives
udu = Fax - dx, so

) 2
4% — g2 [de + m} . (1.1.8)

We can unify (1.1.8) with the Euclidean line element (1.1.4) by writing

(x - dx)?

2 _ 2 2

] = a®y;;datda? | (1.1.9)
with

0  Euclidean
for k=< +1 spherical . (1.1.10)

TiT;
Vij = 0ij + k T —
—1 hyperbolic

— k(zpak) ’

Note that we must take a? > 0 in order to have d¢? positive at & = 0, and hence everywhere.?
The form of the spatial metric ;; depends on the choice of coordinates:

3Notice that despite appearance « = 0 is not a special point.
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e It is convenient to use spherical polar coordinates, (7,0, ¢), because it makes the symme-
tries of the space manifest. Using

dx?® = dr® + r*(d6? + sin® 0de?) | (1.1.11)

x-dx=rdr, (1.1.12)

the metric in (1.1.9) becomes diagonal

dr?

2 9
A" =a [1—14:7“2

+ r2d92} : (1.1.13)

where dQ? = d#? + sin? 0d¢?.

e The complicated ,, component of (1.1.13) can sometimes be inconvenient. In that case,
we may redefine the radial coordinate, dy = dr/v/1 — kr?, such that

de? = a? [dx2 +S2(x)d0?] | (1.1.14)
where
sinh x k=-1
Sk(x) = X k=0 . (1.1.15)
sin x k=+1

1.1.3 Robertson-Walker Metric

To get the Robertson-Walker metric* for an expanding universe, we simply include d¢?> =

a2’yijdxida:j into the spacetime line element and let the parameter a be an arbitrary function of

time °

ds? = dt? — a®(t)yy;da’da? . (1.1.16)

Notice that the symmetries of the universe have reduced the ten independent components of
the spacetime metric to a single function of time, the scale factor a(t), and a constant, the

curvature parameter k. The coordinates z° = {x', 2% 23} are called comoving coordinates.
Fig. 1.3 illustrates the relation between comoving coordinates and physical coordinates, x;hys =

a(t)x’. The physical velocity of an object is

dl’ih d"]jz da . .
Vphys = §tys = a(t) o Ew’ = Vpee T HTppys - (1.1.17)

7 —

We see that this has two contributions: the so-called peculiar velocity, véec = a(t)#!, and the

Hubble flow, Hx;hys, where we have defined the Hubble parameter as®

H (1.1.18)

Il
SH-Y

The peculiar velocity of an object is the velocity measured by a comoving observer (i.e. an
observer who follows the Hubble flow).

“Sometimes this is called the Friedmann-Robertson-Walker (FRW) metric.

5Skeptics might worry about uniqueness. Why didn’t we include a go; component? Because it would break
isotropy. Why don’t we allow for a non-trivial goo component? Because it can always be absorbed into a
redefinition of the time coordinate, dt’ = \/goo dt.

5Here, and in the following, an overdot denotes a time derivative, i.e. @ = da/dt.
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(0,0) (1,0) (0,0) (1,0) (0,0) (1,0)

» time
Figure 1.3: Expansion of the universe. The comoving distance between points on an imaginary coordinate

grid remains constant as the universe expands. The physical distance is proportional to the comoving
distance times the scale factor a(t) and hence gets larger as time evolves.

Using (1.1.13), the FRW metric in polar coordinates reads

dr?

1 — kr?

ds? = dt* — a?(t) +r2dQ?| |. (1.1.19)

This result is worth memorizing — after all, it is the metric of our universe! Notice that
the line element (1.1.19) has a rescaling symmetry

a—=Xa, r—=r/A, k—Nk. (1.1.20)

This means that the geometry of the spacetime stays the same if we simultaneously rescale
a, r and k as in (1.1.20). We can use this freedom to set the scale factor to unity today:’
ap = a(tg) = 1. In this case, a(t) becomes dimensionless, and r and k~'/2 inherit the
dimension of length.

Using (1.1.14), we can write the FRW metric as
ds? = dt? — a®(t) |[dx? + S,z(x)dQQ} . (1.1.21)

This form of the metric is particularly convenient for studying the propagation of light.
For the same purpose, it is also useful to introduce conformal time,

dr = 4L (1.1.22)

a(t) ’

so that (1.1.21) becomes
ds? = a®(7) [d# — (dx2 + sg(x)dm)} . (1.1.23)

We see that the metric has factorized into a static Minkowski metric multiplied by a
time-dependent conformal factor a(7). Since light travels along null geodesics, ds? = 0,
the propagation of light in FRW is the same as in Minkowski space if we first transform
to conformal time. Along the path, the change in conformal time equals the change in
comoving distance,

AT = Ax . (1.1.24)

We will return to this in Chapter 2.

"Quantities that are evaluated at the present time to will have a subscript ‘0’.
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1.2 Kinematics

1.2.1 Geodesics

How do particles evolve in the FRW spacetime? In the absence of additional non-gravitational
forces, freely-falling particles in a curved spacetime move along geodesics. I will briefly remind
you of some basic facts about geodesic motion in general relativity® and then apply it to the
FRW spacetime (1.1.16).

Geodesic Equation*

Consider a particle of mass m. In a curved spacetime it traces out a path X#(s). The four-

velocity of the particle is defined by
Ut = dX” (1.2.25)
=—" 2.

A geodesic is a curve which extremises the proper time As/c between two points in spacetime.

In the box below, I show that this extremal path satisfies the geodesic equation®

dUH
TUS +Ih,UU" =0/, (1.2.26)

where Fgﬂ are the Christoffel symbols,

9"(0agpr + 08gar — Orgap) | - (1.2.27)

| =

FZ,B

Here, I have introduced the notation 0, = 9/0X*". Moreover, you should recall that the inverse
metric is defined through g#*gy, = d%.

Derivation of the geodesic equation.*—Consider the motion of a massive particle between to points
in spacetime A and B (see fig. 1.4). The relativistic action of the particle is

B
S = —m/ ds . (1.2.28)
A

/ XH(N)

Figure 1.4: Parameterisation of an arbitrary path in spacetime, X" (\).

A

We label each point on the curve by a parameter A\ that increases monotonically from an initial value
A(A) =0 to a final value A(B) = 1. The action is a functional of the path X*#(\),

SIXE(N)] = —m/1 (gW(X)X“X”>1/2 dr = /1L[X”,X“] | (1.2.29)
0 0

81f all of this is new to you, you should arrange a crash-course with me and/or read Sean Carroll’s No-Nonsense
Introduction to General Relativity.

91f you want to learn about the beautiful geometrical story behind geodesic motion I recommend Harvey Reall’s
Part III General Relativity lectures. Here, I simply ask you to accept the geodesic equation as the F' = ma of
general relativity (for F' = 0). From now on, we will use (1.2.26) as our starting point.
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where X# = dXH /d\. The motion of the particle corresponds to the extremum of this action. The
integrand in (1.2.29) is the Lagrangian L and it satisfies the Euler-Lagrange equation

d (0L oL
The derivatives in (8.2.73) are
oL 1 - oL 1 i
_ = v - vyvp
oxn LgWX  axA 2L@ugl,pX X7 . (1.2.31)

Before continuing, it is convenient to switch from the general parameterisation A to the parameteri-
sation using proper time s. (We could not have used s from the beginning since the value of s at B
is different for different curves. The range of integration would then have been different for different
curves.) Notice that
ds\? o )

<d/\> = guX"X" = L%, (1.2:32)
and hence ds/d\ = L. In the above equations, we can therefore replace d/d\ with Ld/ds. The
Euler-Lagrange equation then becomes

d dxv 1 dXV dXP
el - ) = T 0. 1.2.
ds <g’w ds > 2 ngvp ds ds 0 (1.2.33)
Expanding the first term, we get
A2 XV dXrdXxv 1 dX? dXr
v v - A vp 5 - 12 4
I =2 + 9, ds ds 2 rIve T as s 0 (1.2:34)

In the second term, we can replace 9,9, with (8,9, + 9y9,,) because it is contracted with an
object that is symmetric in v and p. Contracting (1.2.34) with the inverse metric and relabelling
indices, we find

BX L, dX© dXP
T ATy = (1.2.35)
Substituting (1.2.25) gives the desired result (1.2.26).
The derivative term in (1.2.26) can be manipulated by using the chain rule
d dxX® oUu+ oU*
— UM X* = =U“~ 1.2.36
U (X)) =~ 5xe axa ( )
so that we get
oUH+
BB —
Ue (axa +THU > =0. (1.2.37)

The term in brackets is the covariant derivative of U*, i.e. V ,U* = 0,U* + Fg BU . This allows

us to write the geodesic equation in the following slick way: U*V,U* = 0. In the GR course

you will derive this form of the geodesic equation directly by thinking about parallel transport.
Using the definition of the four-momentum of the particle,

PH = mUH | (1.2.38)
we may also write (1.2.37) as
opH
P = —Ih,PePP. (1.2.39)
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For massless particles, the action (1.2.29) vanishes identically and our derivation of the geodesic
equation breaks down. We don’t have time to go through the more subtle derivation of the
geodesic equation for massless particles. Luckily, we don’t have to because the result is exactly
the same as (1.2.39).!° We only need to interpret P* as the four-momentum of a massless
particle.

Accepting that the geodesic equation (1.2.39) applies to both massive and massless particles,
we will move on. I will now show you how to apply the geodesic equation to particles in the
FRW universe.

Geodesic Motion in FRW

To evaluate the r.h.s. of (1.2.39) we need to compute the Christoffel symbols for the FRW
metric (1.1.16),
ds® = dt* — a*(t)y;;da’da’ . (1.2.40)

All Christoffel symbols with two time indices vanish, i.e. T, = Fgﬁ = 0. The only non-zero
components are

a

_ , T
F?j = aavij , 6]‘ = 55;‘ ) ;k = 5')’”(8)"%1 + Okt — k) (1.2.41)

or are related to these by symmetry (note that FZB = Fg o). T will derive F?j as an example and
leave Ff)j as an exercise.

Ezxample.—The Christoffel symbol with upper index equal to zero is
1
I‘gﬂ = 590)‘(8a95>\ + 089ar — Orgas) - (1.2.42)
The factor g°* vanishes unless A = 0 in which case it is equal to 1. Therefore,

1
Fgﬁ = §(aa9/30 + 0590 — Q0gap) - (1.2.43)

The first two terms reduce to derivatives of ggg (since g;0 = 0). The FRW metric has constant g,
so these terms vanish and we are left with

1
I = fiaogaﬁ . (1.2.44)
The derivative is non-zero only if o and 3 are spatial indices, g;; = 7@2%7, (don’t miss the sign!). In
that case, we find
LY = aai; - (1.2.45)

The homogeneity of the FRW background implies 9; P* = 0, so that the geodesic equation (1.2.39)
reduces to
dpPH
0 — _TH pappB
P T L sPP”

—_ (2rng0 + ryjPi> P, (1.2.46)

0ne way to think about massless particles is as the zero-mass limit of massive particles. A more rigorous
derivation of null geodesics from an action principle can be found in Paul Townsend’s Part III Black Holes lectures
[arXiv:gr-qc/9707012].
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where I have used (1.2.41) in the second line.

e The first thing to notice from (1.2.46) is that massive particles at rest in the comoving
frame, P/ = 0, will stay at rest because the r.h.s. then vanishes,

api

Pi =0 =0. 1.2.47
7 ( )

e Next, we consider the p = 0 component of (1.2.46), but don’t require the particles to be
at rest. The first term on the r.h.s. vanishes because F8j = 0. Using (1.2.41), we then find
dE a o

E— =-TI}\,P'Pl=——p
a

1.2.48
= , (12.43)

where we have written P? = F and defined the amplitude of the physical three-momentum
as
p® = —g;jP'P) = a*v;; P'P7 . (1.2.49)

Notice the appearance of the scale factor in (1.2.49) from the contraction with the spatial
part of the FRW metric, g;; = —a2'y,~j. The components of the four-momentum satisfy
the constraint g,, PHP" = m?, or E? — p?> = m?, where the r.h.s. vanishes for massless
particles. It follows that FdE = pdp, so that (1.2.48) can be written as

. 1
P2 o px=. (1.2.50)
a a

We see that the physical three-momentum of any particle (both massive and massless)
decays with the expansion of the universe.

— For massless particles, eq. (1.2.50) implies

1
p=F « — (massless particles) , (1.2.51)
a

i.e. the energy of massless particles decays with the expansion.

— For massive particles, eq. (1.2.50) implies

mu 1
= — « — (massive particles) , 1.2.52

where v’ = dx’/dt is the comoving peculiar velocity of the particles (i.e. the velocity

relative to the comoving frame) and v? = a2%-jvivj is the magnitude of the physical

peculiar velocity, cf. eq. (1.1.17). To get the first equality in (1.2.52), I have used
ax? dt mu' mu'

Pr=mU'=m—=m—' = = . 1.2.53
ds ds V1= a2y vl V1 —0? ( )

Eq. (1.2.52) shows that freely-falling particles left on their own will converge onto the
Hubble flow.
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1.2.2 Redshift

Everything we know about the universe is inferred from the light we receive from distant ob-
jects. The light emitted by a distant galaxy can be viewed either quantum mechanically as
freely-propagating photons, or classically as propagating electromagnetic waves. To interpret
the observations correctly, we need to take into account that the wavelength of the light gets
stretched (or, equivalently, the photons lose energy) by the expansion of the universe. We now
quantify this effect.

Redshifting of photons.—In the quantum mechanical description, the wavelength of light is in-
versely proportional to the photon momentum, A = h/p. Since according to (1.2.51) the mo-
mentum of a photon evolves as a(t)~!, the wavelength scales as a(t). Light emitted at time t;
with wavelength \; will be observed at ¢y with wavelength

_ a(to)
Ao = ) A1 (1.2.54)

Since a(tg) > a(t1), the wavelength of the light increases, Ag > A;.

Redshifting of classical waves—We can derive the same result by treating light as classical
electromagnetic waves. Consider a galaxy at a fixed comoving distance d. At a time 71, the
galaxy emits a signal of short conformal duration A7 (see fig. 1.5). According to (1.1.24), the
light arrives at our telescopes at time 79 = 71 +d. The conformal duration of the signal measured
by the detector is the same as at the source, but the physical time intervals are different at the
points of emission and detection,

Aty = a(m)AT and Aty = a(m)AT . (1.2.55)

If At is the period of the light wave, the light is emitted with wavelength A\ = A¢; (in units
where ¢ = 1), but is observed with wavelength Ay = Atg, so that

Ao a(n)
)\1 a(ﬁ) )

(1.2.56)

¢
0+ A
Ta

LT AT

¥
0
0 d

Figure 1.5: In conformal time, the period of a light wave (A7) is equal at emission (71 ) and at observation (7g ).
However, measured in physical time (At = a(7)AT) the period is longer when it reaches us, Aty > At1. We
say that the light has redshifted since its wavelength is now longer, Ao > A1.

It is conventional to define the redshift parameter as the fractional shift in wavelength of a
photon emitted by a distant galaxy at time ¢; and observed on Earth today,
Ao — A1

A1

2 (1.2.57)
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We then find
142= ZS?; (1.2.58)
It is also common to define a(ty) = 1, so that
l4zm b (1.2.59)
a(t1)
Hubble’s law.—For nearby sources, we may expand a(t1) in a power series,
a(ty) = alto)[L+ (ty —to)Ho + -] , (1.2.60)
where Hj is the Hubble constant '
Hy = ZSS; . (1.2.61)

Eq. (1.2.58) then gives z = Hy(tg — t1) + ---. For close objects, tg — t1 is simply the physical
distance d (in units with ¢ = 1). We therefore find that the redshift increases linearly with
distance

z~ Hod . (1.2.62)

The slope in a redshift-distance diagram (cf. fig. 1.8) therefore measures the current expansion
rate of the universe, Hy. These measurements used to come with very large uncertainties. Since
Hy normalizes everything else (see below), it became conventional to define!!

Hy = 100h kms ™ *Mpc™ | (1.2.63)

where the parameter h is used to keep track of how uncertainties in Hy propagate into other

cosmological parameters. Today, measurements of Hy have become much more precise,'?

h~0.67 £0.01 . (1.2.64)

1.2.3 Distances*

For distant objects, we have to be more careful about what we mean by “distance”:

o Metric distance.—We first define a distance that isn’t really observable, but that will be
useful in defining observable distances. Consider the FRW metric in the form (1.1.21),

ds? = dt? — a2(t) [dx? + s,z(x)dm] : (1.2.65)
where!?
Ry sinh(x/Ry) kE=-1
Se(x) = X k=0 . (1.2.66)
Ry sin(x/Ro) E=+1

The distance multiplying the solid angle element dQ? is the metric distance,

Ao = Sk(x) - (1.2.67)

A parsec (pc) is 3.26 light-years. Blame astronomers for the funny units in (6.3.29).

2Planck 2013 Results — Cosmological Parameters [arXiv:1303.5076].

3Notice that the definition of Si(x) contains a length scale Ry after we chose to make the scale factor dimen-
sionless, a(to) = 1. This is achieved by using the rescaling symmetry a — Aa, x — X/, and S§ — Si/\.
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In a flat universe (k = 0), the metric distance is simply equal to the comoving distance x.
The comoving distance between us and a galaxy at redshift z can be written as

o q¢ Z dz
X(Z):/tl = ) TG (1.2.68)

where the redshift evolution of the Hubble parameter, H(z), depends on the matter content
of the universe (see §1.3). We emphasize that the comoving distance and the metric
distance are not observables.

o Luminosity distance.—Type IA supernovae are called ‘standard candles’ because they are

believed to be objects of known absolute luminosity L (= energy emitted per second).
The observed flux F' (= energy per second per receiving area) from a supernova explosion
can then be used to infer its (luminosity) distance. Consider a source at a fixed comoving
distance x. In a static Euclidean space, the relation between absolute luminosity and

b d flux i
observed flux is I

- 4ry?

(1.2.69)

observer

to

t1

source

Figure 1.6: Geometry associated with the definition of luminosity distance.

In an FRW spacetime, this result is modified for three reasons:

1. At the time ¢y that the light reaches the Earth, the proper area of a sphere drawn
around the supernova and passing through the Earth is 47d2,. The fraction of the
light received in a telescope of aperture A is therefore A/4rd?,.

2. The rate of arrival of photons is lower than the rate at which they are emitted by the
redshift factor 1/(1 + z).

3. The energy Ej of the photons when they are received is less than the energy E; with
which they were emitted by the same redshift factor 1/(1 + z).

Hence, the correct formula for the observed flux of a source with luminosity L at coordinate
distance y and redshift z is

L _ L (1.2.70)
o ArdZ, (14 2)2  4md? o

where we have defined the luminosity distance, dy,, so that the relation between luminosity,
flux and luminosity distance is the same as in (1.2.69). Hence, we find

dp = dm(1+2) . (1.2.71)
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o Angular diameter distance—Sometimes we can make use of ‘standard rulers’; i.e. objects

of known physical size D. (This is the case, for example, for the fluctuations in the CMB.)
Let us assume again that the object is at a comoving distance x and the photons which
we observe today were emitted at time ¢;. A naive astronomer could decide to measure
the distance d to the object by measuring its angular size 66 and using the Euclidean

formula for its distance,'*

D
T
This quantity is called the angular diameter distance. The FRW metric (1.1.23) implies

da (1.2.72)

observer

A

0

source

é
th ‘/5

Figure 1.7: Geometry associated with the definition of angular diameter distance.

the following relation between the physical (transverse) size of the object and its angular
size on the sky

D = a(t1)Sk(x)d0 = 50 . (1.2.73)

Hence, we get

(1.2.74)

The angular diameter distance measures the distance between us and the object when
the light was emitted. We see that angular diameter and luminosity distances aren’t

independent, but related by
dr,

i (1.2.75)

da =

Fig. 1.8 shows the redshift dependence of the three distance measures d,,,, dr,, and d4. Notice

that all three distances are larger in a universe with dark energy (in the form of a cosmological
constant A) than in one without. This fact was employed in the discovery of dark energy (see
fig. 1.9 in §1.3.3).

1.3 Dynamics

The dynamics of the universe is determined by the Einstein equation

Gy = 87G T, . (1.3.76)

This relates the Einstein tensor G, (a measure of the “spacetime curvature” of the FRW
universe) to the stress-energy tensor 7}, (a measure of the “matter content” of the universe). We

This formula assumes 66 < 1 (in radians) which is true for all cosmological objects.
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10 dr
- F with A
l o C
i : without A / dm
§ 1k e
< C
z - .
I
0.1 #
0.1 0

redshift z

Figure 1.8: Distance measures in a flat universe, with matter only (dotted lines) and with 70% dark energy
(solid lines). In a dark energy dominated universe, distances out to a fixed redshift are larger than in a
matter-dominated universe.

will first discuss possible forms of cosmological stress-energy tensors 7}, (§1.3.1), then compute
the Einstein tensor G, for the FRW background (§1.3.2), and finally put them together to solve
for the evolution of the scale factor a(t) as a function of the matter content (§1.3.3).

1.3.1 Matter Sources

We first show that the requirements of isotropy and homogeneity force the coarse-grained stress-

energy tensor to be that of a perfect fluid,
Ty = (p+ P)UUy — P g (1.3.77)

where p and P are the energy density and the pressure of the fluid and U* is its four-velocity
(relative to the observer).

Number Density

In fact, before we get to the stress-energy tensor, we study a simpler object: the number current
four-vector N*. The p = 0 component, N°, measures the number density of particles, where for
us a “particle” may be an entire galaxy. The p = i component, N?, is the flux of the particles in
the direction z*. Isotropy requires that the mean value of any 3-vector, such as N, must vanish,
and homogeneity requires that the mean value of any 3-scalar'®, such as N, is a function only
of time. Hence, the current of galaxies, as measured by a comoving observer, has the following

components

N°=n(t), N'=0, (1.3.78)

where n(t) is the number of galaxies per proper volume as measured by a comoving observer.
A general observer (i.e. an observer in motion relative to the mean rest frame of the particles),

would measure the following number current four-vector
NF =nU" | (1.3.79)

where U* = dX*/ds is the relative four-velocity between the particles and the observer. Of
course, we recover the previous result (1.3.78) for a comoving observer, U* = (1,0,0,0). For

15A 3-scalar is a quantity that is invariant under purely spatial coordinate transformations.
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UF = ~(1,v%), eq. (1.3.79) gives the correctly boosted results. For instance, you may recall that
the boosted number density is yn. (The number density increases because one of the dimensions
of the volume is Lorentz contracted.)

The number of particles has to be conserved. In Minkowski space, this implies that the
evolution of the number density satisfies the continuity equation

NO = —g;N* | (1.3.80)
or, in relativistic notation,
OuNF =0 (1.3.81)

Eq. (1.3.81) is generalised to curved spacetimes by replacing the partial derivative d, with a
covariant derivative V#,lﬁ
VNt =0. (1.3.82)

Eq. (1.3.82) reduces to (1.3.81) in the local intertial frame.

Covariant derivative—The covariant derivative is an important object in differential geometry and it
is of fundamental importance in general relativity. The geometrical meaning of V,, will be discussed
in detail in the GR course. In this course, we will have to be satisfied with treating it as an operator
that acts in a specific way on scalars, vectors and tensors:

e There is no difference between the covariant derivative and the partial derivative if it acts on
a scalar

V.f=0u.f . (1.3.83)

e Acting on a contravariant vector, V¥, the covariant derivative is a partial derivative plus a
correction that is linear in the vector:

Vu VY =0,V +T0, V. (1.3.84)

Look carefully at the index structure of the second term. A similar definition applies to the
covariant derivative of covariant vectors, w,,

V,w, = 0w, — 0wy (1.3.85)

y%
Notice the change of the sign of the second term and the placement of the dummy index.

e For tensors with many indices, you just repeat (1.3.84) and (1.3.85) for each index. For each
upper index you introduce a term with a single +I", and for each lower index a term with a

single —TI":
VGTMMT”M&VWQ“_VZ — aUTMIHT“MquDz-“VL
PNTI A---
+ F”lg,\T H2 HkV1V2~~-Vz +FN2U)\T#1 MleVz"'Vl 4.
— T, Trrmey TR TR (1.3.86)

This is the general expression for the covariant derivative. Luckily, we will only be dealing
with relatively simple tensors, so this monsterous expression will usually reduce to something
managable.

161f this is the first time you have seen a covariant derivative, this will be a bit intimidating. Find me to talk
about your fears.
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Explicitly, eq. (1.3.82) can be written

VuN# = 9,N* +Th N* =0 .. (1.3.87)
Using (1.3.78), this becomes
dn i
and substituting (1.2.41), we find
n a
—=-3- t)oca™®. 1.3.
- 3@ = n(t)xa (1.3.89)

As expected, the number density decreases in proportion to the increase of the proper volume.

Energy-Momentum Tensor

We will now use a similar logic to determine what form of the stress-energy tensor 7}, is
consistent with the requirements of homogeneity and isotropy. First, we decompose T}, into a
3-scalar, Too, 3-vectors, T and Tp;, and a 3-tensor, T;;. As before, isotropy requires the mean
values of 3-vectors to vamish, i.e. T;p = Tp; = 0. Moreover, isotropy around a point £ = 0
requires the mean value of any 3-tensor, such as Tj;, at that point to be proportional to d;; and
hence to g;;, which equals —a?d;; at & = 0,

Tij(x = 0) o< 6ij o gij(z = 0) . (1.3.90)

Homogeneity requires the proportionality coefficient to be only a function of time. Since this is
a proportionality between two 3-tensors, Tj; and g;j, it must remain unaffected by an arbitrary
transformation of the spatial coordinates, including those transformations that preserve the form
of g;; while taking the origin into any other point. Hence, homogeneity and isotropy require the
components of the stress-energy tensor everywhere to take the form

T()O = p(t) y T = TiO =0 s Tij = —P(t)gm(t,:()) . (1.3.91)

It looks even nicer with mixed upper and lower indices

p 0 0 0
0 -P 0 0

™=g"Tu=| o o _p (1.3.92)
0 0 0 -P

This is the stress-energy tensor of a perfect fluid as seen by a comoving observer. More generally,
the stress-energy tensor can be written in the following, explicitly covariant, form

T, = (p+ P)U*U, — P&" (1.3.93)

where UF = dX*/ds is the relative four-velocity between the fluid and the observer, while p and
P are the energy density and pressure in the rest-frame of the fluid. Of course, we recover the
previous result (1.3.92) for a comoving observer, U* = (1,0,0,0).

How do the density and pressure evolve with time? In Minkowski space, energy and momen-
tum are conserved. The energy density therefore satisfies the continuity equation p = —8;r,
i.e. the rate of change of the density equals the divergence of the energy flux. Similarly, the
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evolution of the momentum density satisfies the Euler equation, ; = 9;P. These conservation
laws can be combined into a four-component conservation equation for the stress-energy tensor

o,T", =0. (1.3.94)
In general relativity, this is promoted to the covariant conservation equation
vV, TH, =0,T", + Fﬁ,\TA,, —I), T\ =0. (1.3.95)

Eq. (1.3.95) reduces to (1.3.94) in the local intertial frame. This corresponds to four separate
equations (one for each v). The evolution of the energy density is determined by the v = 0
equation

9, T o + FZAT’\O — )T\ =0. (1.3.96)

Since T"j vanishes by isotropy, this reduces to

d
CT/Z +Tp— ATy =0 (1.3.97)

From eq. (1.2.41) we see that Fﬁo vanishes unless A and p are spatial indices equal to each other,
in which case it is a/a. The continuity equation (1.3.97) therefore reads

a
p3-(p+P)=0|. (1.3.98)

Exercise.—Show that (1.3.98) can be written as, dU = —PdV, where U = pV and V  a3.

Cosmic Inventory

The universe is filled with a mixture of different matter components. It is useful to classify the
different sources by their contribution to the pressure:

e Matter

We will use the term “matter” to refer to all forms of matter for which the pressure is
much smaller than the energy density, |P| < p. As we will show in Chapter 3, this is the
case for a gas of non-relativistic particles (where the energy density is dominated by the
mass). Setting P =0 in (1.3.98) gives

poxa . (1.3.99)
This dilution of the energy density simply reflects the expansion of the volume V o a3.

— Dark matter. Most of the matter in the universe is in the form of invisible dark
matter. This is usually thought to be a new heavy particle species, but what it really
is, we don’t know.

— Baryons. Cosmologists refer to ordinary matter (nuclei and electrons) as baryons.'”

170f course, this is technically incorrect (electrons are leptons), but nuclei are so much heavier than electrons
that most of the mass is in the baryons. If this terminology upsets you, you should ask your astronomer friends
what they mean by “metals”.
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¢ Radiation

We will use the term “radiation” to denote anything for which the pressure is about a
third of the energy density, P = % p. This is the case for a gas of relativistic particles, for
which the energy density is dominated by the kinetic energy (i.e. the momentum is much
bigger than the mass). In this case, eq. (1.3.98) implies

poxat. (1.3.100)

The dilution now includes the redshifting of the energy, F oc a™?.

— Photons. The early universe was dominated by photons. Being massless, they are al-
ways relativistic. Today, we detect those photons in the form of the cosmic microwave

background.

— Neutrinos. For most of the history of the universe, neutrinos behaved like radiation.
Only recently have their small masses become relevant and they started to behave

like matter.

— Gravitons. The early universe may have produced a background of gravitons (i.e. grav-
itational waves, see §6.5.2). Experimental efforts are underway to detect them.

Dark energy

We have recently learned that matter and radiation aren’t enough to describe the evolution
of the universe. Instead, the universe today seems to be dominated by a mysterious negative
pressure component, P = —p. This is unlike anything we have ever encountered in the
lab. In particular, from eq. (1.3.98), we find that the energy density is constant,

pocal. (1.3.101)

Since the energy density doesn’t dilute, energy has to be created as the universe expands.'®

— Vacuum energy. In quantum field theory, this effect is actually predicted! The
ground state energy of the vacuum corresponds to the following stress-energy tensor

15" = pvacYuv - (1.3.102)

Comparison with eq. (1.3.93), show that this indeed implies Pyac = —pyac. Unfortu-
nately, the predicted size of pyac is completely off,

Pvac 10120 (1.3.103)
Pobs

— Something else? The failure of quantum field theory to explain the size of the
observed dark energy has lead theorists to consider more exotic possibilities (such

as time-varying dark energy and modifications of general relativity). In my opinion,
none of these ideas works very well.

81n a gravitational system this doesn’t have to violate the conservation of energy. It is the conservation equation
(1.3.98) that counts.
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Cosmological constant.—The left-hand side of the Einstein equation (1.3.76) isn’t uniquely defined.
We can add the term —Ag,,,, for some constant A, without changing the conservation of the stress
tensor, V#T),,, = 0 (recall, or check, that V*g,,, = 0). In other words, we could have written the
Einstein equation as

G — Mgy = 81G T, . (1.3.104)

Einstein, in fact, did add such a term and called it the cosmological constant. However, it has become
modern practice to move this term to the r.h.s. and treat it as a contribution to the stress-energy
tensor of the form

A
T = g 9w = PA G - (1.3.105)

This is of the same form as the stress-energy tensor from vacuum energy, eq. (1.3.102).

Summary

Most cosmological fluids can be parameterised in terms of a constant equation of state: w = P/p.
This includes cold dark matter (w = 0), radiation (w = 1/3) and vacuum energy (w = —1). In
that case, the solutions to (1.3.98) scale as

p o< a”30Fw) (1.3.106)
and hence
a”® matter
px < a~* radiation . (1.3.107)
a’  vacuum

1.3.2 Spacetime Curvature

We want to relate these matter sources to the evolution of the scale factor in the FRW met-
ric (1.1.14). To do this we have to compute the Einstein tensor on the Lh.s. of the Einstein
equation (1.3.76),

1
Guw =R — §RgW . (1.3.108)
We will need the Ricci tensor
Ry = 0\T), — 0,0\ + T3, 1%, =T, T5, (1.3.109)
and the Ricci scalar
R=R',=g"Ru . (1.3.110)

Again, there is a lot of beautiful geometry behind these definitions. We will simply keep plugging-
and-playing: given the Christoffel symbols (1.2.41) nothing stops us from computing (1.3.109).

We don’t need to calculate R;o = Ry;, because it is a 3-vector, and therefore must vanish
due to the isotropy of the Robertson-Walker metric. (Try it, if you don’t believe it!) The
non-vanishing components of the Ricci tensor are

Roo = —3— , (1.3.111)

Rl’j = — Gij - (13112)
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Notice that we had to find R;; o< g;; to be consistent with homogeneity and isotropy.

Derivation of Rgg.—Setting 1 = v =0 in (1.3.109), we have
Roo = 0xI'0 — 0oTgy + T3, T80 — TH\ I, (1.3.113)
Since Christoffels with two time-components vanish, this reduces to
Roo = —0oTf; — T4, T3, . (1.3.114)

where in the second line we have used that Christoffels with two time-components vanish. Using

Ty, = (a/a)d’, we find
d (. a a\’ i
—__(3Z) _ e = -3 . 1.3.11
Rop = —— <3a> 3(@) 3> (1.3.115)

Derivation of R;;.*—Evaluating (1.3.112) is a bit tedious. A useful trick is to compute R;;(x =
0) o &;5 < g;j(x = 0) using (1.1.9) and then transform the resulting relation between 3-tensors to
general x.

We first read off the spatial metric from (1.1.9),

kxixj

i = 0ij + ————— .
i it 1 — k(zgpxh)

(1.3.116)

The key point is to think ahead and anticipate that we will set * = 0 at the end. This allows
us to drop many terms. You may be tempted to use 7;;(x = 0) = J;; straight away. However, the
Christoffel symbols contain a derivative of the metric and the Riemann tensor has another derivative,
so there will be terms in the final answer with two derivatives acting on the metric. These terms get
a contribution from the second term in (1.3.116). However, we can ignore the denominator in the
second term of ;; and use

Yij = 5ij + kmixj . (13117)

The difference in the final answer vanishes at = 0 [do you see why?]. The derivative of (1.3.117) is
Orvij = k (O + 0g5z;) . (1.3.118)

With this, we can evaluate
. 1 .
k= 5’7” 057k + Okvji — Dvje) - (1.3.119)

The inverse metric is 4% = 6% — ka’2/, but the second term won’t contribute when we set = 0 in
the end [do you see why?], so we are free to use v = 6. Using (1.3.118) in (1.3.119), we then get

Iy = ka'sy, . (1.3.120)
This vanishes at & = 0, but its derivative does not
w@=0)=0 , T (x=0)=k6d . (1.3.121)
We are finally ready to evaluate the Ricci tensor R;; at © =0

Rij(x = 0) = 0\I'}; — O;TH + T3, I, —THTS, . (1.3.122)

(4) (B)
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Let us first look at the two terms labelled (B). Dropping terms that are zero at & = 0, I find

(B) = F%OF?j - F?lr,ljo - FioF?z
' a

a . ag .
= 3—-add;; — aaéijféé - féj»aaéjl
a a a

= a%5;; . (1.3.123)
The two terms labelled (A) in (1.3.122) can be evaluated by using (1.3.121),

(A) = 801_‘?]‘ + alréj - 8]'1_‘21
= 60(@&)(51‘]' + kéféw - ]{355(5”
= (ad + a* +2k) &;; . (1.3.124)

Hence, I get

=
<.
8
|
=
I

(4) +(B)
= [ad + 24 + 2k] 6y

i a\?  k
a a a

As a relation between tensors this holds for general &, so we get the promised result (1.3.112). To
be absolutely clear, I will never ask you to reproduce a nasty computation like this.

gij(x=0) . (1.3.125)

The Ricci scalar is

N
k
R - 6|l <a> Lk (1.3.126)
a a
FEzercise.—Verify eq. (1.3.126).
The non-zero components of the Einstein tensor G*,, = g“’\G Ay are
N
k
& — 3 [<a> LAY (1.3.127)
a a
: i (a\® k|

FEzercise.—Verify eqs. (1.3.127) and (1.3.128).

1.3.3 Friedmann Equations

We combine eqs. (1.3.127) and (1.3.128) with stress-tensor (1.3.92), to get the Friedmann equa-
tions,

L\ 2
a 8w k
<a> =T, (1.3.129)
@ _ 4G apy (1.3.130)

a 3
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Here, p and P should be understood as the sum of all contributions to the energy density and
pressure in the universe. We write p, for the contribution from radiation (with p, for photons
and p, for neutrinos), p,, for the contribution by matter (with p. for cold dark matter and py
for baryons) and pp for the vacuum energy contribution. The first Friedmann equation is often
written in terms of the Hubble parameter, H = a/a,

H*>=""p— =|. (1.3.131)

Let us use subscripts ‘0’ to denote quantities evaluated today, at ¢t = ty. A flat universe (k = 0)
corresponds to the following critical density today

H2
Perit,0 = 3ty =1.9 x 107? B% grams cm >
81G
=2.8 x 10" h? My Mpc™3
= 1.1 x 107 h? protons cm > . (1.3.132)

We use the critical density to define dimensionless density parameters

Qo= 210 (1.3.133)
Perit,0

The Friedmann equation (1.3.131) can then be written as

4 3 2
H2(a) = H? [Qno (%) + Qo (%) + Qo (%) + QM} , (1.3.134)
where we have defined a “curvature” density parameter, Qo = —k/(agHp)?. It should be noted

that in the literature, the subscript ‘0’ is normally dropped, so that e.g. €1, usually denotes
the matter density today in terms of the critical density today. From now on we will follow
this convention and drop the ‘0’ subscripts on the density parameters. We will also use the
conventional normalization for the scale factor, ag = 1. Eq. (1.3.134) then becomes

il —4 -3 )
Fg = Qra *+Qna ”+Qra *+ Q4 . (1.3.135)

ACDM

Observations (see figs. 1.9 and 1.10) show that the universe is filled with radiation (‘r’), matter
(‘m’) and dark energy (‘A’):

Q] <001, Q.=94x107°, Q, =032, Q) =0.68.

The equation of state of dark energy seems to be that of a cosmological constant, wp ~ —1. The
matter splits into 5% ordinary matter (baryons, ‘b’) and 27% (cold) dark matter (CDM, ‘¢’):

O, =0.05, Q.=0.27.

We see that even today curvature makes up less than 1% of the cosmic energy budget. At earlier
times, the effects of curvature are then completely negligible (recall that matter and radiation
scale as a> and a~%, respectively, while the curvature contribution only increases as a=?). For
the rest of these lectures, I will therefore set 0, = 0. In Chapter 2, we will show that inflation
indeed predicts that the effects of curvature should be minuscule in the early universe (see also
Problem Set 2).
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Figure 1.9: Type IA supernovae and the discovery dark energy. If we assume a flat universe, then the
supernovae clearly appear fainter (or more distant) than predicted in a matter-only universe (Qp, = 1.0).
(SDSS = Sloan Digital Sky Survey; SNLS = SuperNova Legacy Survey; HST = Hubble Space Telescope.)
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Figure 1.10: A combination CMB and LSS observations indicate that the spatial geometry of the universe
is flat. The energy density of the universe is dominated by a cosmological constant. Notice that the CMB
data alone cannot exclude a matter-only universe with large spatial curvature. The evidence for dark energy
requires additional input.

Single-Component Universe

The different scalings of radiation (a=*), matter (a=3) and vacuum energy (a") imply that for
most of its history the universe was dominated by a single component (first radiation, then
matter, then vacuum energy; see fig. 1.11). Parameterising this component by its equation of
state w; captures all cases of interest. For a flat, single-component universe, the Friedmann
equation (1.3.135) reduces to

& = Ho/Qpa—30+wn) | (1.3.136)
a
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Figure 1.11: Evolution of the energy densities in the universe.

Integrating this equation, we obtain the time dependence of the scale factor

23 MD
t2/3(1+w1) wy # _1
t'/2 RD
a(t) o (1.3.137)
etlt wy = —1 AD
or, in conformal time,
2 MD
r2/A43wn) gy £ ]
T RD
a(T) (1.3.138)
(—7)~! wy = —1 AD

FEzercise.—Derive eq. (1.3.138) from eq. (1.3.137).

Table 1.1 summarises the solutions for a flat universe during radiation domination (RD), matter
domination (MD) and dark energy domination (AD).

RD % a* t1/2 T
MD 0 a3 3 7
AD -1 a® eft —7r 1

Table 1.1: FRW solutions for a flat single-component universe.
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Two-Component Universe*

Matter and radiation were equally important at aeq = /Q = 3 X 104, which was shortly
before the cosmic microwave background was released (in §3.3.3, we will show that this happened
at Grec = 9 X 10*4). It will be useful to have an exact solution describing the transition era. Let
us therefore consider a flat universe filled with a mixture of matter and radiation. To solve for
the evolution of the scale factor, it proves convenient to move to conformal time. The Friedmann
equations (1.3.129) and (1.3.130) then are

&Gy

(') = —=pa’ (1.3.139)
4
' = 7;G(p —3P)d® (1.3.140)

where primes denote derivatives with respect to conformal time and

3 4
P = pm+ py = L8 [(‘M) n (@> } . (1.3.141)
2 a a

Ezercise—Derive egs. (1.3.139) and (1.3.140). You will first need to convince yourself that @ = a’/a

and d = a” /a® — (a')?/a®.

Notice that radiation doesn’t contribute as a source term in eq. (1.3.140), p,—3P, = 0. Moreover,

since pa® = const. = %peqagq, we can write eq. (1.3.140) as
2rG
d" = Tpeqa;”q . (1.3.142)

This equation has the following solution

G
a(t) = %peqag’qT2 +Cr+D. (1.3.143)

Imposing a(r = 0) = 0, fixes one integration constant, D = 0. We find the second integration
constant by substituting (1.3.143) and (1.3.141) into (1.3.139),

4 1/2
C = <7;)Gpeqa§q> . (1.3.144)

Eq. (1.3.143) can then be written as

a(T) = Geq [(;)2 +2 <TT*>] ; (1.3.145)

—-1/2
G T,
= ( 3peqagq) _ T« (1.3.146)

For 7 < 7eq, we recover the radiation-dominated limit, a oc 7, while for 7 > 7.4, we agree with

the matter-dominated limit, a o< 72.

where




Inflation

The FRW cosmology described in the previous chapter is incomplete. It doesn’t explain why the
universe is homogeneous and isotropic on large scales. In fact, the standard cosmology predicts
that the early universe was made of many causally disconnected regions of space. The fact that
these apparently disjoint patches of space have very nearly the same densities and temperatures
is called the horizon problem. In this chapter, I will explain how inflation—an early period of
accelerated expansion—drives the primordial universe towards homogeneity and isotropy, even

if it starts in a more generic initial state.

Throughout this chapter, we will trade Newton’s constant for the (reduced) Planck mass,

hic
My = e 2.4 x 10" GeV

so that the Friedmann equation (1.3.131) is written as H? = p/(BMgl).

2.1 The Horizon Problem

2.1.1 Light and Horizons

The size of a causal patch of space it determined by how far light can travel in a certain amount
of time. As we mentioned in §1.1.3, in an expanding spacetime the propagation of light (photons)
is best studied using conformal time. Since the spacetime is isotropic, we can always define the
coordinate system so that the light travels purely in the radial direction (i.e. § = ¢ = const.).
The evolution is then determined by a two-dimensional line element’

ds? = a*(7) [d7'2 - dxﬂ . (2.1.1)
Since photons travel along null geodesics, ds? = 0, their path is defined by
Ax(1) =+AT, (2.1.2)

where the plus sign corresponds to outgoing photons and the minus sign to incoming photons.
This shows the main benefit of working with conformal time: light rays correspond to straight
lines at 45° angles in the x-7 coordinates. If instead we had used physical time ¢, then the
light cones for curved spacetimes would be curved. With these preliminaries, we now define two
different types of cosmological horizons. One which limits the distances at which past events
can be observed and one which limits the distances at which it will ever be possible to observe
future events.

'For the radial coordinate x we have used the parameterisation of (1.1.23), so that (2.1.1) is conformal to
two-dimensional Minkowski space and the curvature k of the three-dimensional spatial slices is absorbed into the
definition of the coordinate y. Had we used the regular polar coordinate r, the two-dimensional line element
would have retained a dependence on k. For flat slices, x and r are of course the same.

29
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comoving particle outside
the particle horizon at p

Tf—T
Tf
event horizon at p
-
particle horizon at p
Ti
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Figure 2.1: Spacetime diagram illustrating the concept of horizons. Dotted lines show the worldlines of
comoving objects. The event horizon is the maximal distance to which we can send signal. The particle
horizon is the maximal distance from which we can receive signals.

Particle horizon—Eq. (2.1.2) tells us that the maximal comoving distance that light can
travel between two times 71 and 7o > 7 is simply A7 = 75 —77 (recall that ¢ = 1). Hence, if
the Big Bang ‘started’ with the singularity at ¢; = 0, then the greatest comoving distance
from which an observer at time ¢ will be able to receive signals travelling at the speed of
light is given by

Xph(T) =7 —1; = /t G(ZS) . (2.1.3)

This is called the (comoving) particle horizon. The size of the particle horizon at time 7
may be visualised by the intersection of the past light cone of an observer p with the
spacelike surface 7 = 7; (see fig. 2.1). Causal influences have to come from within this
region. Only comoving particles whose worldlines intersect the past light cone of p can
send a signal to an observer at p. The boundary of the region containing such worldlines
is the particle horizon at p. Notice that every observer has his of her own particle horizon.

Event horizon.—Just as there are past events that we cannot see now, there may be future
events that we will never be able to see (and distant regions that we will never be able to
influence). In comoving coordinates, the greatest distance from which an observer at time
ty will receive signals emitted at any time later than ¢ is given by
broat

Xen(T) =Tf =7 /t Ol (2.1.4)
This is called the (comoving) event horizon. It is similar to the event horizon of black
holes. Here, 7 denotes the ‘final moment of (conformal) time’. Notice that this may be
finite even if physical time is infinite, ¢y = +o00. Whether this is the case or not depends
on the form of a(t). In particular, 7y is finite for our universe, if dark energy is really a
cosmological constant.

2Notice that the Big Bang singularity is a moment in time, but not a point space. Indeed, in figs. 2.1 and 2.2

we describe the singularity by an extended (possibly infinite) spacelike hypersurface.
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2.1.2 Growing Hubble Sphere

It is the particle horizon that is relevant for the horizon problem of the standard Big Bang
cosmology. Eq. (2.1.3) can be written in the following illuminating way

tdt  foda Mo
Xph(T) = /tz o= /az = —/l (aH) " dlna, (2.1.5)

na;

where a; = 0 corresponds to the Big Bang singularity. The causal structure of the spacetime
can hence be related to the evolution of the comoving Hubble radius (aH)™'. For a universe
dominated by a fluid with constant equation of state w = P/p, we get

(aH) ™' = Hy'q2(+30) (2.1.6)

Note the dependence of the exponent on the combination (1 + 3w). All familiar matter sources
satisfy the strong energy condition (SEC), 1 + 3w > 0, so it used to be a standard assumption
that the comoving Hubble radius increases as the universe expands. In this case, the integral in
(2.1.5) is dominated by the upper limit and receives vanishing contributions from early times.
We see this explicitly in the example of a perfect fluid. Using (2.1.6) in (2.1.5), we find
2H0_1 l(1+3w) l(14’311))
a) = ———— |a2 —a? =7—7T; . 2.1.7
Xph( ) (1 4 Sw) % T Ti ( )
The fact that the comoving horizon receives its largest contribution from late times can be made
manifest by defining

2Hy ! la4sw)  aim0,w>—1
= ————a 0. 2.1.8
Ti (14 3w) K ( )
The comoving horizon is finite,
2H,* 1 2
t)= —0 _qt)z(H3w) = = (qH)!. 2.1.9

We see that in the standard cosmology xpn ~ (aH )~!. This has lead to the confusing practice
of referring to both the particle horizon and the Hubble radius as the “horizon” (see §2.2.2).

2.1.3 Why is the CMB so uniform?

About 380 000 years after the Big Bang, the universe had cooled enough to allow the formation
of hydrogen atoms and the decoupling of photons from the primordial plasma (see §3.3.3). We
observe this event in the form of the cosmic microwave background (CMB), an afterglow of the
hot Big Bang. Remarkably, this radiation is almost perfectly isotropic, with anisotropies in the
CMB temperature being smaller than one part in ten thousand.

A moment’s thought will convince you that the finiteness of the conformal time elapsed
between t; = 0 and the time of the formation of the CMB, t,¢., implies a serious problem: it
means that most spots in the CMB have non-overlapping past light cones and hence never were
in causal contact. This is illustrated by the spacetime diagram in fig. 2.2. Consider two opposite
directions on the sky. The CMB photons that we receive from these directions were emitted at
the points labelled p and ¢ in fig. 2.2. We see that the photons were emitted sufficiently close to
the Big Bang singularity that the past light cones of p and ¢ don’t overlap. This implies that
no point lies inside the particle horizons of both p and ¢. So the puzzle is: how do the photons
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coming from p and ¢ “know” that they should be at almost exactly the same temperature? The
same question applies to any two points in the CMB that are separated by more than 1 degree
in the sky. The homogeneity of the CMB spans scales that are much larger than the particle
horizon at the time when the CMB was formed. In fact, in the standard cosmology the CMB is
made of about 10* disconnected patches of space. If there wasn’t enough time for these regions
to communicate, why do they look so similar? This is the horizon problem.

our worldline
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Figure 2.2: The horizon problem in the conventional Big Bang model. All events that we currently observe
are on our past light cone. The intersection of our past light cone with the spacelike slice labelled CMB
corresponds to two opposite points in the observed CMB. Their past light cones don’t overlap before they

hit the singularity, a = 0, so the points appear never to have been in causal contact. The same applies to
any two points in the CMB that are separated by more than 1 degree on the sky.

2.2 A Shrinking Hubble Sphere

Our description of the horizon problem has highlighted the fundamental role played by the
growing Hubble sphere of the standard Big Bang cosmology. A simple solution to the horizon
problem therefore suggests itself: let us conjecture a phase of decreasing Hubble radius in the

early universe,

d

—(aH)™" < 0. 2.2.10

o (at) ( )
If this lasts long enough, the horizon problem can be avoided. Physically, the shrinking Hubble

sphere requires a SEC-violating fluid, 1 + 3w < 0.

2.2.1 Solution of the Horizon Problem

For a shrinking Hubble sphere, the integral in (2.1.5) is dominated by the lower limit. The Big
Bang singularity is now pushed to negative conformal time,

2H0_1 1(1+3w) ai—0, w<—3%
i

Tk —00 . (2.2.11)

T =

This implies that there was “much more conformal time between the singularity and decoupling
than we had thought”! Fig. 2.3 shows the new spacetime diagram. The past light cones of
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Figure 2.3: Inflationary solution to the horizon problem. The comoving Hubble sphere shrinks during
inflation and expands during the conventional Big Bang evolution (at least until dark energy takes over at
a = 0.5). Conformal time during inflation is negative. The spacelike singularity of the standard Big Bang is
replaced by the reheating surface, i.e. rather than marking the beginning of time it now corresponds simply
to the transition from inflation to the standard Big Bang evolution. All points in the CMB have overlapping
past light cones and therefore originated from a causally connected region of space.

widely separated points in the CMB now had enough time to intersect before the time 7;. The
uniformity of the CMB is not a mystery anymore. In inflationary cosmology, 7 = 0 isn’t the
initial singularity, but instead becomes only a transition point between inflation and the standard
Big Bang evolution. There is time both before and after 7 = 0.

2.2.2 Hubble Radius vs. Particle Horizon

A quick word of warning about bad (but unfortunately standard) language in the inflationary
literature: Both the particle horizon xpn and the Hubble radius (aH)™! are often referred to
simply as the “horizon”. In the standard FRW evolution (with ordinary matter) the two are
roughly the same—cf. eq. (2.1.9)—so giving them the same name isn’t an issue. However, the
whole point of inflation is to make the particle horizon much larger than the Hubble radius.

The Hubble radius (aH)™! is the (comoving) distance over which particles can travel in the
course of one expansion time.? It is therefore another way of measuring whether particles are
causally connected with each other: comparing the comoving separation A of two particles with
(aH)~! determines whether the particles can communicate with each other at a given moment
(i.e. within the next Hubble time). This makes it clear that y,n and (aH)™! are conceptually
very different:

3The expansion time, tg = H ' = dt/dIna, is roughly the time in which the scale factor doubles.
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e if A > xpn, then the particles could never have communicated.

e if A > (aH)™!, then the particles cannot talk to each other now.

Inflation is a mechanism to achieve xpn > (aH)~!. This means that particles can’t communi-
cate now (or when the CMB was created), but were in causal contact early on. In particular,
the shrinking Hubble sphere means that particles which were initially in causal contact with
another—i.e. separated by a distance A < (a;H;)~'—can no longer communicate after a suf-
ficiently long period of inflation: A > (aH)™!; see fig. 2.4. However, at any moment before
horizon exit (careful: I really mean exit of the Hubble radius!) the particles could still talk
to each other and establish similar conditions. Everything within the Hubble sphere at the
beginning of inflation, (a;Hy)~!, was causally connected.

Since the Hubble radius is easier to calculate than the particle horizon it is common to use
the Hubble radius as a means of judging the horizon problem. If the entire observable universe
was within the comoving Hubble radius at the beginning of inflation—i.e. (a;H;)~! was larger
than the comoving radius of the observable universe (agHo)~!-—then there is no horizon problem.
Notice that this is more conservative than using the particle horizon since xpn(t) is always bigger
than (aH)~'(t). Moreover, using (a;H7)~! as a measure of the horizon problem means that we
don’t have to assume anything about earlier times ¢ < ;.

scales )
\ %{ﬂ (o)
(aoHo)™
A
inflation
e
standard Big Bang —= 7
'
ar L7 ag Arec agp .
; : : 1 > time [Ina]

“Big Bang” —>

inflation ———>
reheating

Figure 2.4: Scales of cosmological interest were larger than the Hubble radius until a ~ 10~% (where today is
at a(to) = 1). However, at very early times, before inflation operated, all scales of interest were smaller than
the Hubble radius and therefore susceptible to microphysical processing. Similarly, at very late times, the
scales of cosmological interest are back within the Hubble radius. Notice the symmetry of the inflationary
solution. Scales just entering the horizon today, 60 e-folds after the end of inflation, left the horizon 60
e-folds before the end of inflation.

Duration of inflation.—How much inflation do we need to solve the horizon problem? At the very
least, we require that the observable universe today fits in the comoving Hubble radius at the begin-
ning of inflation,

(aoHo) ™t < (arHp)™t. (2.2.12)
Let us assume that the universe was radiation dominated since the end of inflation and ignore the
relatively recent matter- and dark energy-dominated epochs. Remembering that H oc a~2 during
radiation domination, we have
aoHo  ag (aE)2 ap  Tp

==~ = ~107%, 2.2.13
epgHr agr \ ag ag Tg ( :
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where in the numerical estimate we used T ~ 10'° GeV and Ty = 1072 eV (~ 2.7 K). Eq. (2.2.12)
can then be written as
(arHp)™' > (apHy) ™t ~ 10®(apHp) ™" . (2.2.14)

For inflation to solve the horizon problem, (aH)~! should therefore shrink by a factor of 10?%. The
most common way to arrange this it to have H ~ const. during inflation (see below). This implies
H; ~ Hpg, so eq. (2.2.14) becomes

9 210% = I (‘LE> > 64 . (2.2.15)
ay ar

This is the famous statement that the solution of the horizon problem requires about 60 e-folds of

inflation.

2.2.3 Conditions for Inflation

I like the shrinking Hubble sphere as the fundamental definition of inflation since it relates most
directly to the horizon problem and is also key for the inflationary mechanism of generating
fluctuations (see Chapter 6). However, before we move on to discuss what physics can lead to a
shrinking Hubble sphere, let me show you that this definition of inflation is equivalent to other
popular ways of describing inflation.

e Accelerated expansion.—From the relation

4
dt

_4a
o dt

N1 G
(@)~ = iR (2.2.16)

we see that a shrinking comoving Hubble radius implies accelerated expansion

(af)™!

i>0. (2.2.17)

This explains why inflation is often defined as a period of acceleration.

o Slowly-varying Hubble parameter—Alternatively, we may write

d -1 _
g( H)™ =

1H + aH 1 H
—a(a;; ——-(1-g), where e=— 5. (2.2.18)

The shrinking Hubble sphere therefore also corresponds to
e=——<1. (2.2.19)

o Quasi-de Sitter expansion.—For perfect inflation, € = 0, the spacetime becomes de Sitter
space
ds? = dt? — e2Htdz? | (2.2.20)

where H = 0;Ina = const. Inflation has to end, so it shouldn’t correspond to perfect de
Sitter space. However, for small, but finite € # 0, the line element (2.2.20) is still a good
approximation to the inflationary background. This is why we will often refer to inflation
as a quasi-de Sitter period.
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o Negative pressure.—What forms of stress-energy source accelerated expansion? Let us
consider a perfect fluid with pressure P and density p. The Friedmann equation, H? =
p/(3M§1), and the continuity equation, p = —3H (p + P), together imply

. H? 3P
H+H? = - 3P)=—— [1+—) . 2.2.21
#H = o 9P) = (1+%) (2.221)
We rearrange this to find that
H 3 P P 1
=——==-(14+4—] <1 < =—<—= 2.2.22
€ 72 =5 < + p) w 5 <-3 ( )

i.e. inflation requires negative pressure or a violation of the strong energy condition. How
this can arise in a physical theory will be explained in the next section. We will see that
there is nothing sacred about the strong energy condition and that it can easily be violated.

e Constant density—Combining the continuitiy equation, p = —3H (p+P), with eq. (2.2.21),

we find
dlnp

dlna

For small €, the energy density is therefore nearly constant. Conventional matter sources

=2 <1. (2.2.23)

all dilute with expansion, so we need to look for something more unusual.

2.3 The Physics of Inflation

We have shown that a given FRW spacetime with time-dependent Hubble parameter H(t)
corresponds to cosmic acceleration if and only if
o dln H

STTH2T AN

<1. (2.3.24)
Here, we have defined dN = dIna = Hdt, which measures the number of e-folds IV of inflationary
expansion. Eq. (2.3.24) implies that the fractional change of the Hubble parameter per e-fold is
small. Moreover, in order to solve the horizon problem, we want inflation to last for a sufficiently
long time (usually at least N ~ 40 to 60 e-folds). To achieve this requires ¢ to remain small for

a sufficiently large number of Hubble times. This condition is measured by a second parameter
__dlne €

n=tf=2 (2.3.25)

For |n| < 1, the fractional change of € per Hubble time is small and inflation persists. In this
section, we discuss what microscopic physics can lead to the conditions € < 1 and || < 1.

2.3.1 Scalar Field Dynamics

As a simple toy model for inflation we consider a scalar field, the inflaton ¢(t,x). As indicated by
the notation, the value of the field can depend on time ¢ and the position in space x. Associated
with each field value is a potential energy density V(¢) (see fig. 2.5). If the field is dynamical
(i.e. changes with time) then it also carries kinetic energy density. If the stress-energy associated
with the scalar field dominates the universe, it sources the evolution of the FRW background.
We want to determine under which conditions this can lead to accelerated expansion.
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Figure 2.5: Example of a slow-roll potential. Inflation occurs in the shaded parts of the potential.

The stress-energy tensor of the scalar field is?

T = 6006 = gy (;gaﬁamam - V<¢>) . (2:3.26)

Consistency with the symmetries of the FRW spacetime requires that the background value of
the inflaton only depends on time, ¢ = ¢(¢). From the time-time component T% = ps, we infer
that

po = %JP +V(9) - (2.3.27)

We see that the total energy density, pg, is simply the sum of the kinetic energy density, %q'ﬁz,
and the potential energy density, V(¢). From the space-space component T* j=—F 5;, we find
that the pressure is the difference of kinetic and potential energy densities,

P, = %@2 ~ V(o). (2.3.28)

We see that a field configuration leads to inflation, Py, < —% pg, if the potential energy dominates
over the kinetic energy.

Next, we look in more detail at the evolution of the inflaton ¢(¢) and the FRW scale factor
a(t). Substituting py from (2.3.27) into the Friedmann equation, H? = p¢/(3M§1), we get

1 1.
H? = — [ng +V] . (F)
3M7 2
Taking a time derivative, we find
) 1 - .
2HH = —— |¢pd+ V'| (2.3.29)
?)MS1 [ }

where V' = dV/d¢. Substituting ps and Py into the second Friedmann equation (2.2.21),
H = —(py + Py)/(2M}), we get '
go 17 (2.3.30)
IR 3.
p
Notice that H is sourced by the kinetic energy density. Combining (2.3.30) with (2.3.29) leads
to the Klein-Gordon equation

b+3Hp+V' =0]|. (KG)

4You can derive this stress-energy tensor either from Noether’s theorem or from the action of a scalar field.
You will see those derivations in the QFT course: David Tong, Part III Quantum Field Theory.
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This is the evolution equation for the scalar field. Notice that the potential acts like a force, V’,
while the expansion of the universe adds friction, H¢.

2.3.2 Slow-Roll Inflation

Substituting eq. (2.3.30) into the definition of €, eq. (2.3.24), we find

g = %¢2
M2 H?

(2.3.31)

Inflation (e < 1) therefore occurs if the kinetic energy, %(]52, only makes a small contribution to
the total energy, py = 3M§1H2. This situation is called slow-roll inflation.

In order for this condition to persist, the acceleration of the scalar field has to be small. To
assess this, it is useful to define the dimensionless acceleration per Hubble time

s=_% (2.3.32)
Hé¢
Taking the time-derivative of (2.3.31),
Wb bn
. _ , (2.3.33)
M2H? ~ MZH?
and comparing to (2.3.25), we find
C 0% o H oy (2.3.34)

" He T Ho ~H?
Hence, {¢, |0|} < 1 implies {¢, |n|} < 1.

Slow-roll approximation.—So far, no approximations have been made. We simply noted that in a
regime where {¢, |§|} < 1, inflation occurs and persists. We now use these conditions to simplify
the equations of motion. This is called the slow-roll approxzimation. The condition € < 1 implies
%5252 < V and hence leads to the following simplification of the Friedmann equation (F),

H? ~ Vv

~— | F
3M2 (Fsn)

In the slow-roll approximation, the Hubble expansion is determined completely by the potential
energy. The condition || < 1 simplifies the Klein-Gordon equation (8.2.76) to

3Hp~—V'|. (KGsr)

This provides a simple relationship between the gradient of the potential and the speed of the
inflaton. Substituting (Fgsr) and (KGgg) into (2.3.31) gives

l'2 7‘12 I\ 2
3¢ pl
S ~— | = . 2.3.
T azE? T 2 (V> (2:3:35)

Furthermore, taking the time-derivative of (KGgg),

3H¢+3Hp=-V"9, (2.3.36)
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leads to . )
6 H LV
dte=yg T mm My

Hence, a convenient way to assess whether a given potential V(¢) can lead to slow-roll inflation

(2.3.37)

is to compute the potential slow-roll parameters®

2 "
— - pl v’ _ as2 ’V ‘

Successful slow-roll inflation occurs when these parameters are small, {ey, |nv|} < 1.

Amount of inflation.—The total number of ‘e-folds’ of accelerated expansion are

ap tg

Nigt = / dina= [ H(t)dt, (2.3.39)
ar tr

where t; and tg are defined as the times when €(¢7) = ¢(tg) = 1. In the slow-roll regime, we

can use

H 1 |d¢| 1 |dg|
Hdt = —do¢ = ~
¢ QS \/2¢e Mpl \/26\, Mpl

to write (2.3.39) as an integral in the field space of the inflaton®

% 1 |d¢|
Nigt = [lny 2.3.41
tot /¢ J2es My, (2.3.41)

where ¢; and ¢p are defined as the boundaries of the interval where €, < 1. The largest scales
observed in the CMB are produced about 60 e-folds before the end of inflation

(2.3.40)

e 1 |dgl
Nemb = —— &~ 60 . 2.3.42
emb /qbcmb v 26V Mpl ( )

A successful solution to the horizon problem requires Niot > Nemb-

Case study: m?¢? inflation.—As an example, let us give the slow-roll analysis of arguably the simplest
model of inflation: single-field inflation driven by a mass term

V(e) = %m%z : (2.3.43)
The slow-roll parameters are
M\ 2
ev(®) =nv(9) =2 ((;) : (2.3.44)

To satisfy the slow-roll conditions ey, |n,| < 1, we therefore need to consider super-Planckian values
for the inflaton
¢ >V2My = ép (2.3.45)

5In contrast, the parameters € and 7 are often called the Hubble slow-roll parameters. During slow-roll, the
parameters are related as follows: e, ~ € and 7y ~ 2¢ — %n.

5The absolute value around the integration measure indicates that we pick the overall sign of the integral in
such a way as to make Niot > 0.
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The relation between the inflaton field value and the number of e-folds before the end of inflation is
¢? 1
N = — = 2.3.46
@)= (2340
Fluctuations observed in the CMB are created at
¢Cmb =2 V Ncmb Mpl ~ 15]\4-p1 . (2347)

2.3.3 Reheating*

During inflation most of the energy density in the universe is in the form of the inflaton po-
tential V(¢). Inflation ends when the potential steepens and the inflaton field picks up kinetic
energy. The energy in the inflaton sector then has to be transferred to the particles of the Stan-
dard Model. This process is called reheating and starts the Hot Big Bang. We will only have
time for a very brief and mostly qualitative description of the absolute basics of the reheating
phenomenon.” This is non-examinable.

Scalar field oscillations.—After inflation, the inflaton field ¢ begins to oscillate at the bottom
of the potential V(¢), see fig. 2.5. Assume that the potential can be approximated as V(¢) =
%m2q§2 near the minimum of V(¢), where the amplitude of ¢ is small. The inflaton is still
homogeneous, ¢(t), so its equation of motion is

b+ 3Hd=—-m?¢ . (2.3.48)

The expansion time scale soon becomes much longer than the oscillation period, H~! > m™1.

We can then neglect the friction term, and the field undergoes oscillations with frequency m.
We can write the energy continuity equation as

) 3 :
po+3Hps = —3HPy = —QH(mquz —¢%). (2.3.49)

The r.h.s. averages to zero over one oscillation period. The oscillating field therefore behaves
like pressureless matter, with pg oc a3, The fall in the energy density is reflected in a decrease
of the oscillation amplitude.

Inflaton decay.—To avoid that the universe ends up empty, the inflaton has to couple to Standard
Model fields. The energy stored in the inflaton field will then be transferred into ordinary
particles. If the decay is slow (which is the case if the inflaton can only decay into fermions) the
inflaton energy density follows the equation

ﬁ¢ + 3Hp¢ = —F¢p¢ , (2.3.50)

where I'y parameterizes the inflaton decay rate. If the inflaton can decay into bosons, the
decay may be very rapid, involving a mechanism called parametric resonance (sourced by Bose
condensation effects). This kind of rapid decay is called preheating, since the bosons thus created
are far from thermal equilibrium.

Thermalisation.—The particles produced by the decay of the inflaton will interact, create other
particles through particle reactions, and the resulting particle soup will eventually reach thermal

"For more details see Baumann, The Physics of Inflation, DAMTP Lecture Notes.
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equilibrium with some temperature Tyy,. This reheating temperature is determined by the energy
density py, at the end of the reheating epoch. Necessarily, pyn < pg g (Where py g is the inflaton
energy density at the end of inflation). If reheating takes a long time, we may have py, < pg -
The evolution of the gas of particles into a thermal state can be quite involved. Usually it
is just assumed that it happens eventually, since the particles are able to interact. However,
it is possible that some particles (such as gravitinos) never reach thermal equilibrium, since
their interactions are so weak. In any case, as long as the momenta of the particles are much
higher than their masses, the energy density of the universe behaves like radiation regardless of
the momentum space distribution. After thermalisation of at least the baryons, photons and
neutrinos is complete, the standard Hot Big Bang era begins.



Thermal History

In this chapter, we will describe the first three minutes' in the history of the universe, starting
from the hot and dense state following inflation. At early times, the thermodynamical proper-
ties of the universe were determined by local equilibrium. However, it are the departures from
thermal equilibrium that make life interesting. As we will see, non-equilibrium dynamics allows
massive particles to acquire cosmological abundances and therefore explains why there is some-
thing rather than nothing. Deviations from equilibrium are also crucial for understanding the
origin of the cosmic microwave background and the formation of the light chemical elements.

We will start, in §3.1, with a schematic description of the basic principles that shape the
thermal history of the universe. This provides an overview of the story that will be fleshed out
in much more detail in the rest of the chapter: in §3.2, will present equilibrium thermodynamics
in an expanding universe, while in 3.3, we will introduce the Boltzmann equation and apply it to
several examples of non-equilibrium physics. We will use units in which Boltzmann’s constant
is set equal to unity, kg = 1, so that temperature has units of energy.

3.1 The Hot Big Bang

The key to understanding the thermal history of the universe is the comparison between the
rate of interactions I' and the rate of expansion H. When I' > H, then the time scale of particle
interactions is much smaller than the characteristic expansion time scale:

- L tgp=—=. 3.1.1
L= (3.1.1)
Local thermal equilibrium is then reached before the effect of the expansion becomes relevant.
As the universe cools, the rate of interactions may decrease faster than the expansion rate. At

t. ~ tg, the particles decouple from the thermal bath. Different particle species may have
different interaction rates and so may decouple at different times.

3.1.1 Local Thermal Equilibrium

Let us first show that the condition (3.1.1) is satisfied for Standard Model processes at temper-

atures above a few hundred GeV. We write the rate of particle interactions as?

I'=nov, (3.1.2)

where n is the number density of particles, ¢ is their interaction cross section, and v is the
average velocity of the particles. For T' 2 100 GeV, all known particles are ultra-relativistic,

! A wonderful popular account of this part of cosmology is Weinberg’s book The First Three Minutes.

2For a process of the form 1+ 2 < 3 +4, we would write the interaction rate of species 1 as I'y = naov, where
nz is the density of the target species 2 and v is the average relative velocity of 1 and 2. The interaction rate of
species 2 would be I's = njov. We have used the expectation that at high energies n1 ~ ny = n.

42
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and hence v ~ 1. Since particle masses can be ignored in this limit, the only dimensionful scale
is the temperature 7. Dimensional analysis then gives n ~ T3. Interactions are mediated by
gauge bosons, which are massless above the scale of electroweak symmetry breaking. The cross
sections for the strong and electroweak interactions then have a similar dependence, which also
can be estimated using dimensional analysis®

>m<

where a = 9124 /4w is the generalized structure constant associated with the gauge boson A. We
find that

ag ~

~ L (3.1.3)

012

I =nov~ T3 x 77 = T . (3.1.4)
We wish to compare this to the Hubble rate H ~ ,/p/Mp). The same dimensional argument as

before gives p ~ T* and hence

T2
H~ (3.1.5)
Mgl
The ratio of (3.1.4) and (3.1.5) is
I o®M, 10'°GeV
S s © (3.1.6)

H T T ’

where we have used a ~ 0.01 in the numerical estimate. Below T' ~ 106 GeV, but above 100
GeV, the condition (3.1.1) is therefore satisfied.

When particles exchange energy and momentum efficiently they reach a state of maximum
entropy. It is a standard result of statistical mechanics that the number of particles per unit
volume in phase space—the distribution function—then takes the form*

1

f(E) = CE/T L1 (3.1.7)

where the 4 sign is for fermions and the — sign for bosons. When the temperature drops below
the mass of the particles, T" < m, they become non-relativistic and their distribution function
receives an exponential suppression, f — e~"/T. This means that relativistic particles (‘radia-
tion’) dominate the density and pressure of the primordial plasma. The total energy density is
therefore well approximated by summing over all relativistic particles, p,. < Y, [ d3p fi(p)Ei(p).
The result can be written as (see below)

pr = 5=gx(T)T" (3.1.8)

where ¢,(T") is the number of relativistic degrees of freedom. Fig. 3.1 shows the evolution of
9x(T) assuming the particle content of the Standard Model. At early times, all particles are
relativistic and g, = 106.75. The value of g, decreases whenever the temperature of the universe
drops below the mass of a particle species and it becomes non-relativistic. Today, only photons
and (maybe) neutrinos are still relativistic and g, = 3.38.

3Shown in eq. (3.1.3) is the Feynman diagram associated with a 2 — 2 scattering process mediated by the
exchange of a gauge boson. Each vertex contributes a factor of the gauge coupling ga < /. The dependence of
the cross section on « follows from squaring the dependence on « derived from the Feynman diagram, i.e. o
(Vo x v/a)? = o®. For more details see the Part IIT Standard Model course.

4The precise formula will include the chemical potential — see below.
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Figure 3.1: Evolution of the number of relativistic degrees of freedom assuming the Standard Model.

3.1.2 Decoupling and Freeze-Out

If equilibrium had persisted until today, the universe would be mostly photons. Any massive
particle species would be exponentially suppressed.” To understand the world around us, it
is therefore crucial to understand the deviations from equilibrium that led to the freeze-out of
massive particles (see fig. 3.2).

relativistic non-relativistic

freeze-out
I'~H

- \ relic density _|

\
~ equilibrium *, -
\

e—m/T ‘

1 10 100

m

T

Figure 3.2: A schematic illustration of particle freeze-out. At high temperatures, T > m, the particle
abundance tracks its equilibrium value. At low temperatures, T < m, the particles freeze out and maintain
a density that is much larger than the Boltzmann-suppressed equilibrium abundance.

Below the scale of electroweak symmetry breaking, T < 100 GeV, the gauge bosons of the
weak interactions, W* and Z, receive masses My ~ M. The cross section associated with

5This isn’t quite correct for baryons. Since baryon number is a symmetry of the Standard Model, the number
density of baryons can remain significant even in equilibrium.
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processes mediated by the weak force becomes

2

o~ >< ~ G277 (3.1.9)

where we have introduced Fermi’s constant,® Gp ~ a/M3, ~ 1.17 x 107° GeV~2. Notice that
the strength of the weak interactions now decreases as the temperature of the universe drops.
We find that

I o2M,T? T \°
S i ~< ) , (3.1.10)

H™ ML 1 MeV
which drops below unity at Ty.. ~ 1 MeV. Particles that interact with the primordial plasma

only through the weak interaction therefore decouple around 1 MeV. This decoupling of weak
scale interactions has important consequences for the thermal history of the universe.

3.1.3 A Brief History of the Universe

Table 3.1 lists the key events in the thermal history of the universe:

o Baryogenesis.” Relativistic quantum field theory requires the existence of anti-particles
(see Part III Quantum Field Theory). This poses a slight puzzle. Particles and anti-
particles annihilate through processes such as et + e~ — v + ~. If initially the universe
was filled with equal amounts of matter and anti-matter then we expect these annihilations
to lead to a universe dominated by radiation. However, we do observe an overabundance
of matter (mostly baryons) over anti-matter in the universe today. Models of baryogenesis
try to derive the observed baryon-to-photon ratio

n="2 10", (3.1.11)
Ny
from some dynamical mechanism, i.e. without assuming a primordial matter-antimatter
asymmetry as an initial condition. Although many ideas for baryogenesis exist, none is
singled out by experimental tests. We will not have much to say about baryogenesis in
this course.

e Electroweak phase transition. At 100 GeV particles receive their masses through the
Higgs mechanism. Above we have seen how this leads to a drastic change in the strength
of the weak interaction.

e QCD phase transition. While quarks are asymptotically free (i.e. weakly interacting)
at high energies, below 150 MeV, the strong interactions between the quarks and the
gluons become important. Quarks and gluons then form bound three-quark systems,
called baryons, and quark-antiquark pairs, called mesons. These baryons and mesons are
the relevant degrees of freedom below the scale of the QCD phase transition.

e Dark matter freeze-out. Since dark matter is very weakly interacting with ordinary
matter we expect it to decouple relatively early on. In §3.3.2, we will study the example
of WIMPs—weakly interacting massive particles that freeze out around 1 MeV. We will

5The 1/M3, comes from the low-momentum limit of the propagator of a massive gauge field.
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Event time ¢  redshift z temperature T’
Inflation 10734 5 (7) - -
Baryogenesis ? ? ?
EW phase transition 20 ps 101% 100 GeV
QCD phase transition 20 us 1012 150 MeV
Dark matter freeze-out ? ? ?
Neutrino decoupling 1s 6 x 109 1 MeV
Electron-positron annihilation 6s 2 x 10° 500 keV
Big Bang nucleosynthesis 3 min 4 x 108 100 keV
Matter-radiation equality 60 kyr 3400 0.75 eV
Recombination 260-380 kyr  1100-1400 0.26-0.33 eV
Photon decoupling 380 kyr  1000-1200 0.23-0.28 eV
Reionization 100-400 Myr 11-30 2.6-7.0 meV
Dark energy-matter equality 9 Gyr 0.4 0.33 meV
Present 13.8 Gyr 0 0.24 meV

Table 3.1: Key events in the thermal history of the universe.

show that choosing natural values for the mass of the dark matter particles and their
interaction cross section with ordinary matter reproduces the observed relic dark matter
density surprisingly well.

e Neutrino decoupling. Neutrinos only interact with the rest of the primordial plasma
through the weak interaction. The estimate in (3.1.10) therefore applies and neutrinos
decouple at 0.8 MeV.

e Electron-positron annihilation. Electrons and positrons annihilate shortly after neu-
trino decoupling. The energies of the electrons and positrons gets transferred to the
photons, but not the neutrinos. In §3.2.4, we will explain that this is the reason why the
photon temperature today is greater than the neutrino temperature.

¢ Big Bang nucleosynthesis. Around 3 minutes after the Big Bang, the light elements
were formed. In §3.3.4, we will study this process of Big Bang nucleosynthesis (BBN).

¢ Recombination. Neutral hydrogen forms through the reaction e~ +p* — H++v when the
temperature has become low enough that the reverse reaction is energetically disfavoured.
We will study recombination in §3.3.3.
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e Photon decoupling. Before recombination the strongest coupling between the photons
and the rest of the plasma is through Thomson scattering, e~ +v — ¢~ +~. The sharp drop
in the free electron density after recombination means that this process becomes inefficient
and the photons decouple. They have since streamed freely through the universe and are
today observed as the cosmic microwave background (CMB).

In the rest of this chapter we will explore in detail where this knowledge about the thermal
history of the universe comes from.

3.2 Equilibrium

3.2.1 Equilibrium Thermodynamics

We have good observational evidence (from the perfect blackbody spectrum of the CMB) that the
early universe was in local thermal equilibrium.” Moreover, we have seen above that the Standard
Model predicts thermal equilibrium above 100 GeV. To describe this state and the subsequent
evolution of the universe, we need to recall some basic facts of equilibrium thermodynamics,
suitably generalized to apply to an expanding universe.

Microscopic to Macroscopic

Statistical mechanics is the art of turning microscopic laws into an understanding of the macro-
scopic world. I will briefly review this approach for a gas of weakly interacting particles. It is
convenient to describe the system in phase space, where the gas is described by the positions
and momenta of all particles. In quantum mechanics, the momentum eigenstates of a particle
in a volume V = L3 have a discrete spectrum:

Pz
A
° > Dy
>
h
Dz L

The density of states in momentum space {p} then is L3/h® = V/h3, and the state density in

phase space {x,p} is
1

73 (3.2.12)
If the particle has g internal degrees of freedom (e.g. spin), then the density of states becomes
g g
== 2.1

"Strictly speaking, the universe can never truly be in equilibrium since the FRW spacetime doesn’t posses
a time-like Killing vector. But this is physics not mathematics: if the expansion is slow enough, particles have
enough time to settle close to local equilibrium. (And since the universe is homogeneous, the local values of
thermodynamics quantities are also global values.)
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where in the second equality we have used natural units with & = h/(27) = 1. To obtain the
number density of a gas of particles we need to know how the particles are distributed amongst
the momentum eigenstates. This information is contained in the (phase space) distribution func-
tion f(x,p,t). Because of homogeneity, the distribution function should, in fact, be independent
of the position . Moreover, isotropy requires that the momentum dependence is only in terms of
the magnitude of the momentum p = |p|. We will typically leave the time dependence implicit—
it will manifest itself in terms of the temperature dependence of the distribution functions. The
particle density in phase space is then the density of states times the distribution function

i < f(p) . (3.2.14)

The number density of particles (in real space) is found by integrating (3.2.14) over momentum,

n = (QZ)B/d3pf(p) . (3.2.15)

To obtain the energy density of the gas of particles, we have to weight each momentum eigen-

state by its energy. To a good approximation, the particles in the early universe were weakly
interacting. This allows us to ignore the interaction energies between the particles and write the
energy of a particle of mass m and momentum p simply as

E(p) = vm? +p? . (3.2.16)

Integrating the product of (3.2.16) and (3.2.14) over momentum then gives the energy density

p = i | oI EG) | (3:2.17)

Similarly, we define the pressure as

2

— (Qi)s/dgpf(p);)E . (3.2.18)

Pressure.*—Let me remind you where the p?/3E factor in (3.2.18) comes from. Consider a small area
element of size dA, with unit normal vector 7o (see fig. 3.3). All particles with velocity |v]|, striking
this area element in the time interval between ¢ and ¢+ dt, were located at t = 0 in a spherical shell of
radius R = |v|t and width |v|dt. A solid angle dQ2? of this shell defines the volume dV = R?|v|dt dQ?
(see the grey shaded region in fig. 3.3). Multiplying the phase space density (3.2.14) by dV gives the
number of particles in the volume (per unit volume in momentum space) with energy E(|v|),

g
(2m)

Not all particles in dV reach the target, only those with velocities directed to the area element.
Taking into account the isotropy of the velocity distribution, we find that the total number of

dN = f(E) x R*|v|dtdQ . (3.2.19)

particles striking the area element dA 7~ with velocity v = |v|? is

= 4Adtda (3.2.20)
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where v - nn < 0. If these particles are reflected elastically, each transfer momentum 2|p - n| to the
target. Therefore, the contribution of particles with velocity |v| to the pressure is

2lp - A g P’ 20 9 p?
dP = dNy = E)x — 0 sinfdfde = ——— E)— 2.21
(o) / aadqt Wa= gl (B) x g [ cos 0sin0d0do = o x J(E) 3 o (3:2:21)
where we have used |v| = |p|/F and integrated over the hemisphere defined by ¥ -1 = —cosf < 0

(i.e. integrating only over particles moving towards dA—see fig. 3.3). Integrating over energy E (or
momentum p), we obtain (3.2.18).

lv|dt
o

Figure 3.3: Pressure in a weakly interacting gas of particles.

Local Thermal Equilibrium

A system of particles is said to be in kinetic equilibrium if the particles exchange energy and

momentum efficiently. This leads to a state of maximum entropy in which the distribution

functions are given by the Fermi-Dirac and Bose-Einstein distributions®

1

F®) = o= o1 (3.2.22)

where the + sign is for fermions and the — sign for bosons. At low temperatures, T' < E — p,
both distribution functions reduce to the Mazwell-Boltzmann distribution

fp) ~ e~ E@=-m/T (3.2.23)

The equilibrium distribution functions have two parameters: the temperature T' and the chemical
potential . The chemical potential may be temperature-dependent. As the universe expands,
T and p(T) change in such a way that the continuity equations for the energy density p and the
particle number density n are satisfied. Each particle species ¢ (with possibly distinct m;, p;,
T;) has its own distribution function f; and hence its own n;, p;, and P;.

Chemical potential.*—In thermodynamics, the chemical potential characterizes the response of a
system to a change in particle number. Specifically, it is defined as the derivative of the entropy with
respect to the number of particles, at fixed energy and fixed volume,

oS

8We use units where Boltzmann’s constant is kg = 1.
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The change in entropy of a system therefore is

AU + PAV — pdN

ds T ,

(3.2.25)

where pdN is sometimes called the chemical work. A knowledge of the chemical potential of reacting
particles can be used to indicate which way a reaction proceeds. The second law of thermodynamics
means that particles flow to the side of the reaction with the lower total chemical potential. Chemical
equilibrium is reached when the sum of the chemical potentials of the reacting particles is equal to
the sum of the chemical potentials of the products. The rates of the forward and reverse reactions

are then equal.

If a species i is in chemical equilibrium, then its chemical potential p; is related to the chemical
potentials 1; of the other species it interacts with. For example, if a species 1 interacts with
species 2, 3 and 4 via the reaction 1+ 2 <+ 3 + 4, then chemical equilibrium implies

1 4 o = pi3 4 pua - (3.2.26)

Since the number of photons is not conserved (e.g. double Compton scattering ™+ <> e~ +vy+
happens in equilibrium at high temperatures), we know that

iy =0 (3.2.27)

This implies that if the chemical potential of a particle X is pux, then the chemical potential of
the corresponding anti-particle X is

px = —HX (3.2.28)
To see this, just consider particle-antiparticle annihilation, X + X < ~ + 7.

Thermal equilibrium is achieved for species which are both in kinetic and chemical equilibrium.
These species then share a common temperature 7; = 7'.°

3.2.2 Densities and Pressure
Let us now use the results from the previous section to relate the densities and pressure of a gas
of weakly interacting particles to the temperature of the universe.

At early times, the chemical potentials of all particles are so small that they can be neglected.!”
Setting the chemical potential to zero, we get

e} 2
g p
n=29_1["4a : 3.2.29
2772/0 pexp [Vp?+m?/T] +1 ( )
[e'e) 2 2 2
J Pyptm (3.2.30)

P72 o P exp[VeR+ mE/T] £ 1

9This temperature is often identified with the photon temperature T, — the “temperature of the universe”.

OFor electrons and protons this is a fact (see Problem Set 2), while for neutrinos it is likely true, but not
proven.
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Defining x = m/T and £ = p/T, this can be written as

g 3 _ oo 52

n = 727r2T Ii(x), I (z) = /0 d¢ op [V T 27 £ 1 ) (3.2.31)
_ 9 44 _ [~ V€ +a?

P=353 T Ji(z) , Ji(z) = /0 d¢ op [VE T 7] £1 . (3.2.32)

In general, the functions I4(z) and Ji(z) have to be evaluated numerically. However, in the
(ultra)relativistic and non-relativistic limits, we can get analytical results.

The following standard integrals will be useful

/0 d S =+ )T+ 1) (3.2.33)
/OO deeme € =1T(k(n+1)), (3.2.34)
0

where ((z) is the Riemann zeta-function.

Relativistic Limit

In the limit x — 0 (m < T'), the integral in (3.2.31) reduces to

es+1°
For bosons, this takes the form of the integral (3.2.33) with n = 2,

1_(0) =2¢(3) , (3.2.36)

I.(0) = /0 e & (3.2.35)

where ((3) ~ 1.20205- - -. To find the corresponding result for fermions, we note that
1 1 2

= — 3.2.37
ef+1 ef—1 eX-1" ( )
so that
1\* 3
I,.(0)=1-(0)—2x 5 1-(0)= 1 1_(0). (3.2.38)
Hence, we get
3 1 bosons
n = &2) gT? : (3.2.39)
T % fermions
A similar computation for the energy density gives
2 1 bosons
™ 4
=—gT 3.2.40
P 30 { % fermions ( )

Relic photons.—Using that the temperature of the cosmic microwave background is Ty = 2.73 K,
show that

2¢(3
Neyo = fr(Q )T03 ~ 410 photons cm ™3 | (3.2.41)

2

Pr0 = ETgl ~46x10%gem™ = QP ~25x107°. (3.2.42)
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Finally, from (3.2.18), it is easy to see that we recover the expected pressure-density relation for
a relativistic gas (i.e. ‘radiation’)

P=-p. (3.2.43)

FEzercise.*—For y = 0, the numbers of particles and anti-particles are equal. To find the “net particle
number” let us restore finite p in the relativistic limit. For fermions with p # 0 and T > m, show
that

n-n = L dpp? — !
272 J, elr—=m)/T 11  ele+w)/T 1
1 3
— T |:7T2(;L_,) + (%) } . (3.2.44)

Note that this result is exact and not a truncated series.

Non-Relativistic Limit

In the limit > 1 (m > T'), the integral (3.2.31) is the same for bosons and fermions

o) €2

Most of the contribution to the integral comes from £ < x. We can therefore Taylor expand the
square root in the exponential to lowest order in &,

0 2 0 [e%¢)
(@)~ | de———— =e* [ deg2e /00 = (22)32%e [ degPe € . (3.2.46)
o O erte/ () 0 0

The last integral is of the form of the integral (3.2.34) with n = 2. Using I'(3) = \/7/2, we get

Ii(x) = \/§x3/2 e’ (3.2.47)

3/2
n=g <mT> e /T | (3.2.48)

which leads to

2T

As expected, massive particles are exponentially rare at low temperatures, T' < m. At lowest
order in the non-relativistic limit, we have E(p) ~ m and the energy density is simply equal to
the mass density

pmn . (3.2.49)

Erercise—Using E(p) = /m? + p? ~ m + p*/2m, show that

p=mn+ gnT . (3.2.50)

Finally, from (3.2.18), it is easy to show that a non-relativistic gas of particles acts like pres-
sureless dust (i.e. ‘matter’)
P=nT < p=mn. (3.2.51)
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Ezercise.—Derive (3.2.51). Notice that this is nothing but the ideal gas law, PV = NkgT.

By comparing the relativistic limit (7 > m) and the non-relativistic limit (7" < m), we see
that the number density, energy density, and pressure of a particle species fall exponentially (are
“Boltzmann suppressed”) as the temperature drops below the mass of the particle. We interpret
this as the annihilation of particles and anti-particles. At higher energies these annihilations
also occur, but they are balanced by particle-antiparticle pair production. At low temperatures,
the thermal particle energies aren’t sufficient for pair production.

Exercise.—Restoring finite p in the non-relativistic limit, show that

3/2
mT
_(mT —(m—p)/T 3.2.52
n=a(5r) , (32.52)
T\ 32
n—mn = 2g (m> e~ ™/ sinh (E) . (3.2.53)
2m T

Effective Number of Relativistic Species

Let T be the temperature of the photon gas. The total radiation density is the sum over the
energy densities of all relativistic species

2
s
Pr = Zpi = %g*(T) T, (3.2.54)
(3

where g, (T) is the effective number of relativistic degrees of freedom at the temperature T'. The
sum over particle species may receive two types of contributions:

e Relativistic species in thermal equilibrium with the photons, T; = T > m;,
7
G = 0i+5g > 9 - (3.2.55)
i=b i=f

When the temperature drops below the mass m; of a particle species, it becomes non-
relativistic and is removed from the sum in (3.2.55). Away from mass thresholds, the
thermal contribution is independent of temperature.

e Relativistic species that are not in thermal equilibrium with the photons, T; # T > m;,

dec TZ * 7 E 4
9:(T) = Zgi T + 3 Zgi T . (3.2.56)
i=b i=f
We have allowed for the decoupled species to have different temperatures T;. This will be

relevant for neutrinos after e™e™ annihilation (see §3.2.4).

Fig. 3.4 shows the evolution of g,(7") assuming the Standard Model particle content (see
table 3.2). At T' 2 100 GeV, all particles of the Standard Model are relativistic. Adding up
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Table 3.2: Particle content of the Standard Model.

type mass spin g
quarks t,t 173 GeV L 2.2.3=12
b, b 4 GeV
¢, C 1 GeV
s, 5 100 MeV
d,s 5 MeV
U, U 2 MeV
gluons Gi 0 1 8-2=16
leptons T+ 1777 MeV % 2-2=4
ut 106 MeV
et 511 keV
Ve, iy <06eV L 2.1=2
Vs Uy < 0.6 eV
Ve, Ue < 0.6 eV
gauge bosons W7 80GeV 1 3
W= 80 GeV
A 91 GeV
vy 0 2
Higgs boson ~ H° 125 GeV 0 1

their internal degrees of freedom we get:!!

g, =28  photons (2), W* and Z°(3-3), gluons (8 - 2), and Higgs (1)
g =90 quarks (6 - 12), charged leptons (3 - 4), and neutrinos (3 - 2)

and hence

7
9x = gb + QI = 106.75 . (3.2.57)

As the temperature drops, various particle species become non-relativistic and annihilate. To
estimate g, at a temperature T" we simply add up the contributions from all relativistic degrees
of freedom (with m < T') and discard the rest.

Being the heaviest particles of the Standard Model, the top quarks annihilates first. At
T ~ %mt ~ 30 GeV,'? the effective number of relativistic species is reduced to g, = 106.75 —

"Here, we have used that massless spin-1 particles (photons and gluons) have two polarizations, massive spin-1
particles (W¥, Z) have three polarizations and massive spin—% particles (e*, u®, 7% and quarks) have two spin
states. We assumed that the neutrinos are purely left-handed (i.e. we only counted one helicity state). Also,
remember that fermions have anti-particles.

12The transition from relativistic to non-relativistic behaviour isn’t instantaneous. About 80% of the particle-

antiparticle annihilations takes place in the interval T'=m — ém.
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% x 12 = 96.25. The Higgs boson and the gauge bosons W=, Z9 annihilate next. This happens
roughly at the same time. At 7" ~ 10 GeV, we have g, = 96.26 — (1 + 3 - 3) = 86.25. Next,
the bottom quarks annihilate (g, = 86.25 — g x 12 = 75.75), followed by the charm quarks
and the tau leptons (g. = 75.75 — I x (12 4+ 4) = 61.75). Before the strange quarks had
time to annihilate, something else happens: matter undergoes the QCD phase transition. At
T ~ 150 MeV, the quarks combine into baryons (protons, neutrons, ...) and mesons (pions, ...).
There are many different species of baryons and mesons, but all except the pions (ﬂ'i,TFO) are
non-relativistic below the temperature of the QCD phase transition. Thus, the only particle
species left in large numbers are the pions, electrons, muons, neutrinos, and the photons. The
three pions (spin-0) correspond to g = 3 -1 = 3 internal degrees of freedom. We therefore get
g =2+ 3+ % X (44 4+ 6) = 17.25. Next electrons and positrons annihilate. However, to
understand this process we first need to talk about entropy.

T T T T T T T T T T T T T T T
B tt W=, 2° HO 7
. bb ce,TF
106.75 ’
100 E I 96.25 86.25 L ¢ —
B EW
9*(T)
10 —
! | ! | ! | ! | ! | ! | ! | !
10° 10* 10? 102 10 1 0.1

T [MeV]

Figure 3.4: Evolution of relativistic degrees of freedom g, (T) assuming the Standard Model particle content.
The dotted line stands for the number of effective degrees of freedom in entropy g.s(T).

3.2.3 Conservation of Entropy

To describe the evolution of the universe it is useful to track a conserved quantity. As we will
see, in cosmology entropy is more informative than energy. According to the second law of
thermodynamics, the total entropy of the universe only increases or stays constant. It is easy to
show that the entropy is conserved in equilibrium (see below). Since there are far more photons
than baryons in the universe, the entropy of the universe is dominated by the entropy of the
photon bath (at least as long as the universe is sufficiently uniform). Any entropy production
from non-equilibrium processes is therefore total insignificant relative to the total entropy. To
a good approximation we can therefore treat the expansion of the universe as adiabatic, so that
the total entropy stays constant even beyond equilibrium.
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Ezercise.—Show that the following holds for particles in equilibrium (which therefore have the cor-
responding distribution functions) and p = 0:

o°P p+P
r= (3.2.58)

Consider the second law of thermodynamics: TdS = dU + PdV. Using U = pV, we get

ds = %(d[(p + P)V] - VaP)

= 2 dl(o+ PV] — 2y (p+ P)dT
—d [";P V} , (3.2.59)

where we have used (3.2.58) in the second line. To show that entropy is conserved in equilibrium,
we consider

5 _dfp+ Py
dt  dt| T
Vv [dp 1dv 174 [dP p+PdT]

at +th<p“’>} T

2.
dt T dt (3:2:60)

The first term vanishes by the continuity equation, p+3H (p+P) = 0. (Recall that V o a>.) The
second term vanishes by (3.2.58). This established the conservation of entropy in equilibrium.

In the following, it will be convenient to work with the entropy density, s = S/V. From

(3.2.59), we learn that
p+P

=—. .2.61
s T (3.2.61)

Using (3.2.40) and (3.2.51), the total entropy density for a collection of different particle species is

i+ P, 272
= Z pi = (DT (3.2.62)

where we have defined the effective number of degrees of freedom in entropy,
9:s(T) = g6 (T) + g5 (T) . (3.2.63)

Note that for species in thermal equilibrium ¢!4(T') = gt"(T)). However, given that s; oc T, for
decoupled species we get

gl (T) = ;%( )3 ;Zf (’) £ glee(T) | (3.2.64)

Hence, g.s is equal to g, only when all the relativistic species are in equilibrium at the same
temperature. In the real universe, this is the case until £ ~ 1 sec (cf. fig. 3.4).

The conservation of entropy has two important consequences:
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3

e It implies that s o a7°. The number of particles in a comoving volume is therefore

proportional to the number density n; divided by the entropy density

N =" (3.2.65)
S

If particles are neither produced nor destroyed, then n; o< a=3 and N; is constant. This is
case, for example, for the total baryon number after baryogenesis, ng/s = (ny — ng)/s.

e It implies, via eq. (3.2.62), that

9x5(T) T3 a® = const. or T x g*_sl/?’a_1 : (3.2.66)

Away from particle mass thresholds g,s is approximately constant and T o< a~!, as ex-

/3

pected. The factor of 9*_51 accounts for the fact that whenever a particle species becomes

non-relativistic and disappears, its entropy is transferred to the other relativistic species
still present in the thermal plasma, causing T to decrease slightly less slowly than a~*.
We will see an example in the next section (cf. fig. 3.5).

/

Substituting 1" 9*_51 ®a~1 into the Friedmann equation

Hzlmkv(m’yﬂwﬂ(%y”TQ (3.2.67)

adt — \3M2%) T 3\10/ My’
we reproduce the usual result for a radiation dominated universe, a o /2, except that
there is a change in the scaling every time g,g changes. For T' o< t~/2, we can integrate

the Friedmann equation and get the temperature as a function of time

T _1/4 { 1sec 1/2
Sy S 1.5g. " (t> . (3.2.68)

It is a useful rule of thumb that the temperature of the universe 1 second after the Big
Bang was about 1 MeV, and evolved as t~/2 before that.

3.2.4 Neutrino Decoupling

Neutrinos are coupled to the thermal bath via weak interaction processes like

Ve + 1 He++e*,
e (3.2.69)
e+, & e +U.

The cross section for these interactions was estimated in (3.1.9), ¢ ~ G%T?, and hence it was
found that I' ~ G2FT5. As the temperature decreases, the interaction rate drops much more
rapidly that the Hubble rate H ~ T2 /M,;:

r T \?

We conclude that neutrinos decouple around 1 MeV. (A more accurate computation gives

Tigee ~ 0.8 MeV.) After decoupling, the neutrinos move freely along geodesics and preserve
to an excellent approximate the relativistic Fermi-Dirac distribution (even after they become
non-relativistic at later times). In §1.2.1, we showed the physical momentum of a particle scales
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1

as p o a~ . It is therefore convenient to define the time-independent combination ¢ = ap, so

that the neutrino number density is
1
-3 3
Ny X a d .
v / 1 exp(q/aT,) + 1

After decoupling, particle number conservation requires n, o a~3. This is only consistent with
3

(3.2.71)

(3.2.71) if the neutrino temperature evolves as T}, oc a~ 1. As long as the photon temperature!
T, scales in the same way, we still have T),, = T),. However, particle annihilations will cause a
deviation from 7% oc a~! in the photon temperature.

3.2.5 Electron-Positron Annihilation

Shortly after the neutrinos decouple, the temperature drops below the electron mass and electron-
positron annihilation occurs
et +e oyt (3.2.72)

The energy density and entropy of the electrons and positrons are transferred to the photons,
but not to the decoupled neutrinos. The photons are thus “heated” (the photon temperature
does not decrease as much) relative to the neutrinos (see fig. 3.5). To quantify this effect, we

neutrino decoupling
L E
me | photon heating
T 1L electron-positron
MeV 10 E annihilation
102E T, xa ~
_I I 1 1 1 | I | I 1 1 1 | N T | I
10710 1077 107°

Figure 3.5: Thermal history through electron-positron annihilation. Neutrinos are decoupled and their

1

temperature redshifts simply as T, < a™*. The energy density of the electron-positron pairs is transferred

to the photon gas whose temperature therefore redshifts more slowly, T, o g*_s}/sa’l.

consider the change in the effective number of degrees of freedom in entropy. If we neglect

1

neutrinos and other decoupled species,'* we have

24ix4=4 T>m,
gth = . (3.2.73)
2 T < me

Since, in equilibrium, gi%(aT7)3 remains constant, we find that a7’, increases after electron-
positron annihilation, T < me, by a factor (11/4)'/3, while a7, remains the same. This means

13For the moment we will restore the subscript on the photon temperature to highlight the difference with the
neutrino temperature.
14Obviously, entropy is separately conserved for the thermal bath and the decoupling species.
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that the temperature of neutrinos is slightly lower than the photon temperature after ete™

annihilation,
AN\ 1/3
T,=|— T, . 2,74
() = (3:2.74)
For T' < me, the effective number of relativistic species (in energy density and entropy) there-
fore is
7 4 4/3
Jgx =2+ = X2Ng | — = 3.36 , (3.2.75)
8 11
7 4

where we have introduced the parameter Neg as the effective number of neutrino species in the
universe. If neutrinos decoupling was instantaneous then we have N.g = 3. However, neutrino
decoupling was not quite complete when ete™ annihilation began, so some of the energy and
entropy did leak to the neutrinos. Taking this into account!® raises the effective number of
neutrinos to Neg = 3.046.1¢ Using this value in (3.2.75) and (3.2.76) explains the final values of

9x(T) and g,s(T') in fig. 3.1.

3.2.6 Cosmic Neutrino Background

The relation (3.2.74) holds until the present. The cosmic neutrino background (CvB) there-
fore has a slightly lower temperature, 7, o = 1.95 K = 0.17 meV, than the cosmic microwave
background, Tp = 2.73 K = 0.24 meV. The number density of neutrinos is
3 4
ny, = 1 eff X ﬁn,y . (3277)
Using (3.2.41), we see that this corresponds to 112 neutrinos cm™ per flavour. The present
energy density of neutrinos depends on whether the neutrinos are relativistic or non-relativistic

today. It used to be believe that neutrinos were massless in which case we would have

7 4\*3
pv = gNet (11) py = QAP 17x107° (m, =0). (3.2.78)
Neutrino oscillation experiments have since shown that neutrinos do have mass. The minimum
sum of the neutrino masses is > m,; > 60 meV. Massive neutrinos behave as radiation-like

particles in the early universe!”

, and as matter-like particles in the late universe (see fig. 3.6).
On Problem Set 2, you will show that energy density of massive neutrinos, p, = Y my ;in,,,

corresponds to

Q,h2 ~ 2 M 3.2.79
94 eV ( )

By demanding that neutrinos don’t over close the universe, i.e. €2,, < 1, one sets a cosmological

upper bound on the sum of the neutrino masses, » S m,; < 15 eV (using h = 0.7). Measurements

15To get the precise value of Neg one also has to consider the fact that the neutrino spectrum after decoupling
deviates slightly from the Fermi-Dirac distribution. This spectral distortion arises because the energy dependence
of the weak interaction causes neutrinos in the high-energy tail to interact more strongly.

16The Planck constraint on Neg is 3.36 + 0.34. This still leaves room for discovering that Neg # 3.046, which
is one of the avenues in which cosmology could discover new physics beyond the Standard Model.

TFor m, < 0.2 eV, neutrinos are relativistic at recombination.
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of tritium [-decay, in fact, find that > m,; < 6 eV. Moreover, observations of the cosmic
microwave background, galaxy clustering and type la supernovae together put an even stronger
bound, > m,; < 1 eV. This implies that although neutrinos contribute at least 25 times the
energy density of photons, they are still a subdominant component overall, 0.001 < €, < 0.02.

Temperature [K]

10° 10° 103 2.73

E T T T

: photons h
B - .
= 0.1 £ neutrinos
= £
5] -
A C
B>
& L
= 001F :
M £ CDM -
= C N
2 C .
.2 L
k3]
S 1073 3

-l S8
1077

Scale Factor

Figure 3.6: Evolution of the fractional energy densities of photons, three neutrino species (one massless and
two massive — 0.05 and 0.01 eV), cold dark matter (CDM), baryons, and a cosmological constant (A). Notice
the change in the behaviour of the two massive neutrinos when they become non-relativistic particles.

3.3 Beyond Equilibrium

The formal tool to describe the evolution beyond equilibrium is the Boltzmann equation. In
this section, we first introduce the Boltzmann equation and then apply it to three important
examples: (i) the production of dark matter; (ii) the formation of the light elements during Big
Bang nucleosynthesis; and (iii) the recombination of electrons and protons into neutral hydrogen.

3.3.1 Boltzmann Equation

In the absence of interactions, the number density of a particle species i evolves as

dni
dt

This is simply a reflection of the fact that the number of particles in a fixed physical volume (V'

+3%,=0. (3.3.80)
a

a®) is conserved, so that the density dilutes with the expanding volume, n; o< a=3, cf. eq. (1.3.89).
To include the effects of interactions we add a collision term to the r.h.s. of (3.3.80),
1d (nia®)
ad dt

This is the Boltzmann equation. The form of the collision term depends on the specific inter-

= Ci[{n;}] . (3.3.81)

actions under consideration. Interactions between three or more particles are very unlikely, so
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we can limit ourselves to single-particle decays and two-particle scatterings / annihilations. For
concreteness, let us consider the following process

1+2 = 344, (3.3.82)

i.e. particle 1 can annihilate with particle 2 to produce particles 3 and 4, or the inverse process
can produce 1 and 2. This reaction will capture all processes studied in this chapter. Suppose
we are interested in tracking the number density n; of species 1. Obviously, the rate of change
in the abundance of species 1 is given by the difference between the rates for producing and
eliminating the species. The Boltzmann equation simply formalises this statement,

1 d(nia®)

ad  dt
We understand the r.h.s. as follows: The first term, —amnqns, describes the destruction of particles

= —aning + Bnzny . (3.3.83)

1, while that second term, 4+ ngn4. Notice that the first term is proportional to n; and no and
the second term is proportional to ng and ns. The parameter o = (o) is the thermally averaged
cross section.'® The second parameter  can be related to a by noting that the collision term
has to vanish in (chemical) equilibrium

B = (nm) a, (3.3.84)
nang eq
where n;? are the equilibrium number densities we calculated above. We therefore find
1 d(nia® nin
a3(dlt) = —<0'1)> [nlng — <n;ni> 77,377,4] . (3385)
eq

It is instructive to write this in terms of the number of particles in a comoving volume, as defined
in (3.2.65), N; = n;/s. This gives

dinN, T, [1 (NlNz) N3N4]
[s1

dlna  H

NoNi ), Mil (3.3.86)
where I'y = na(ov). The r.h.s. of (3.3.86) contains a factor describing the interaction efficiency,
I'y/H, and a factor characterizing the deviation from equilibrium, [1 — ---].

For I'1 > H, the natural state of the system is chemical equilibrium. Imagine that we start
with Ny > Ny (while N; ~ N9 i = 2,3,4). The r.h.s. of (3.3.86) then is negative, particles
of type 1 are destroyed and N is reduced towards the equilibrium value Ny%. Similarly, if
Ny < N74, the r.hus. of (3.3.86) is positive and Ny is driven towards Ny The same conclusion
applies if several species deviate from their equilibrium values. As long as the interaction rates
are large, the system quickly relaxes to a steady state where the r.h.s. of (3.3.86) vanishes and
the particles assume their equilibrium abundances.

When the reaction rate drops below the Hubble scale, I'y < H, the r.h.s. of (3.3.86) gets
suppressed and the comoving density of particles approaches a constant relic density, i.e. N3 =
const. This is illustrated in fig. 3.2. We will see similar types of evolution when we study the
freeze-out of dark matter particles in the early universe (fig. 3.7), neutrons in BBN (fig. 3.9) and
electrons in recombination (fig. 3.8).

¥You will learn in the QFT and Standard Model courses how to compute cross sections o for elementary
processes. In this course, we will simply use dimensional analysis to estimate the few cross sections that we will
need. The cross section may depend on the relative velocity v of particles 1 and 2. The angle brackets in o = (ov)
denote an average over v.
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3.3.2 Dark Matter Relics

We start with the slightly speculative topic of dark matter freeze-out. I call this speculative
because it requires us to make some assumptions about the nature of the unknown dark matter
particles. For concreteness, we will focus on the hypothesis that the dark matter is a weakly
interacting massive particle (WIMP).

Freeze-Out

WIMPs were in close contact with the rest of the cosmic plasma at high temperatures, but
then experienced freeze-out at a critical temperature 7. The purpose of this section is to solve
the Boltzmann equation for such a particle, determining the epoch of freeze-out and its relic
abundance.

To get started we have to assume something about the WIMP interactions in the early uni-
verse. We will imagine that a heavy dark matter particle X and its antiparticle X can annihilate
to produce two light (essentially massless) particles ¢ and /,

X+X & 0+1. (3.3.87)

Moreover, we assume that the light particles are tightly coupled to the cosmic plasma,'” so that
throughout they maintain their equilibrium densities, n, = nj. Finally, we assume that there
is no initial asymmetry between X and X, i.e. ny = ng. The Boltzmann equation (3.3.85) for
the evolution of the number of WIMPs in a comoving volume, Nx = nx/s, then is

dNx

= —s(ov) [N)Q( — (N$H? (3.3.88)

where N = n{/s. Since most of the interesting dynamics will take place when the temperature
is of order the particle mass, T' ~ Mx, it is convenient to define a new measure of time,

T

Mx
Px (3.3.89)

To write the Boltzmann equation in terms of x rather than ¢, we note that

de d (MX> 1dT

= = —__—_ r~H 3.3.90
at — dt\ T e (3:3.90)
where we have assumed that T oc a~! (i.e. gus = const. = g,5(Mx)) for the times relevant to
the freeze-out. We assume radiation domination so that H = H(Mx)/x?. Eq. (3.3.88) then

becomes the so-called Riccati equation,

ANy A
X = S NE - v (3.3.91)

where we have defined ) o (o)
2 ov

A= g g1 3.3.92

15 S T (M) ( )

We will treat \ as a constant (which in more fundamental theories of WIMPs is usually a good
approximation). Unfortunately, even for constant A, there are no analytic solutions to (3.3.91).
Fig. 3.7 shows the result of a numerical solution for two different values of A\. As expected,

19This would be case case, for instance, if £ and £ were electrically charged.
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Figure 3.7: Abundance of dark matter particles as the temperature drops below the mass.

at very high temperatures, z < 1, we have Nx ~ Ny ~ 1. However, at low temperatures,
x > 1, the equilibrium abundance becomes exponentially suppressed, N;q ~ e~ *. Ultimately,
X-particles will become so rare that they will not be able to find each other fast enough to
maintain the equilibrium abundance. Numerically, we find that freeze-out happens at about
xy ~ 10. This is when the solution of the Boltzmann equation starts to deviate significantly
from the equilibrium abundance.

The final relic abundance, N§ = Nx(z = o00), determines the freeze-out density of dark
matter. Let us estimate its magnitude as a function of A. Well after freeze-out, Nx will be
much larger than N§! (see fig. 3.7). Thus at late times, we can drop Ny from the Boltzmann

equation,
dNx ANZ
Integrating from x ¢, to z = oo, we find
1 1 A
-, (3.3.94)

NEONL o w

where N ;2 = Nx(zy). Typically, N ;( > N (see fig. 3.7), so a simple analytic approximation is

N ~ %f . (3.3.95)

Of course, this still depends on the unknown freeze-out time (or temperature) ;. As we see
from fig. 3.7, a good order-of-magnitude estimate is xy ~ 10. The value of x isn’t terribly
sensitive to the precise value of A, namely () o< [In A|.

Ezxercise—Estimate x(\) from I'(x¢) = H(xy).

Eq. (3.3.95) predicts that the freeze-out abundance N decreases as the interaction rate A
increases. This makes sense intuitively: larger interactions maintain equilibrium longer, deeper
into the Boltzmann-suppressed regime. Since the estimate in (3.3.95) works quite well, we will
use it in the following.
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WIMP Miracle*

It just remains to relate the freeze-out abundance of dark matter relics to the dark matter
density today:
Qy = PX,0
Pecrit,0

Mxnxo MxNxpso S0
3MZHZ — 3MZHZ 3MZH]

where we have used that the number of WIMPs is conserved after freeze-out, i.e. Nx o = N¥°.
Substituting N = x¢/X and so = s(Tp), we get

_ HMx) =y gws(To) T3

Oy — , 3.3.97
YT MY (o) ges(Mx) 3MAH] ( )
where we have used (3.3.92) and (3.2.62). Using (3.2.67) for H(Myx), gives
Mx)\"? gus(To) T3
Qy = 22 (9*( X)> 9x5(Th) 0 (3.3.98)
0on) U 10 ) aus(y) M3 3

Finally, we substitute the measured values of T and Hp and use g.s(7p) = 3.91 and g.s(Mx) =
gx(Mx): y
x 10 \/?1078Gev~2
Qxh? ~ 0.1 () <> R 3.3.99
. 10 \a00y) o) (3:3:99
This reproduces the observed dark matter density if

(ov) ~1071GeV™! ~ 0.11/GF .

The fact that a thermal relic with a cross section characteristic of the weak interaction gives the
right dark matter abundance is called the WIMP miracle.

3.3.3 Recombination

An important event in the history of the early universe is the formation of the first atoms. At
temperatures above about 1 eV, the universe still consisted of a plasma of free electrons and
nuclei. Photons were tightly coupled to the electrons via Compton scattering, which in turn
strongly interacted with protons via Coulomb scattering. There was very little neutral hydrogen.
When the temperature became low enough, the electrons and nuclei combined to form neutral
atoms (recombination®’), and the density of free electrons fell sharply. The photon mean free
path grew rapidly and became longer than the horizon distance. The photons decoupled from the
matter and the universe became transparent. Today, these photons are the cosmic microwave
background.

Saha Equilibrium

Let us start at T' > 1 eV, when baryons and photons were still in equilibrium through electro-
magnetic reactions such as

e +pt < H+~y. (3.3.100)

2%Don’t ask me why this is called recombination; this is the first time electrons and nuclei combined.
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Since T' < my, i = {e,p, H}, we have the following equilibrium abundances

eq _ (1Ml 3/26 pi —mi (3.3.101)
n; =g o XP T , 3.

where p, + pte = pu (recall that p, = 0). To remove the dependence on the chemical potentials,
we consider the following ratio

3/2
( g ) _ 9u ( mu 27r> / e(mp+me—mu)/T (3.3.102)
Nelp ) oq  Gedp \MeMMyp T

In the prefactor, we can use my ~ m,;, but in the exponential the small difference between my
and m,, + m, is crucial: it is the binding energy of hydrogen

By =myp+me —my =13.6 eV . (3.3.103)

The number of internal degrees of freedom are g, = g. = 2 and gg = 4.! Since, as far as we
know, the universe isn’t electrically charged, we have n. = n,. Eq. (3.3.102) therefore becomes

o \3/2
("2‘) - < T > eBu/T (3.3.104)
Ne ) eq mel

We wish to follow the free electron fraction defined as the ratio

X, =< (3.3.105)
i

where ny is the baryon density. We may write the baryon density as

2
ny=1nn, =nx i(j) T3, (3.3.106)

where 1 = 5.5 x 10719(€,h%/0.020) is the baryon-to-photon ratio. To simplify the discussion, let

us ignore all nuclei other than protons (over 90% (by number) of the nuclei are protons). The

total baryon number density can then be approximated as ny ~ n, + ng = n. + ny and hence
1-X

L (3.3.107)

2 2
Xe Ne

Substituting (3.3.104) and (3.3.106), we arrive at the so-called Saha equation,

B 3/2
(1 Xe) RGN (27TT> Bu/T | (3.3.108)
eq

X2 2 Me

Fig. 3.8 shows the redshift evolution of the free electron fraction as predicted both by the
Saha approximation (3.3.108) and by a more exact numerical treatment (see below). The Saha
approximation correctly identifies the onset of recombination, but it is clearly insufficient if the
aim is to determine the relic density of electrons after freeze-out.

21The spins of the electron and proton in a hydrogen atom can be aligned or anti-aligned, giving one singlet
state and one triplet state, so gu =14 3 = 4.
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Figure 3.8: Free electron fraction as a function of redshift.

Hydrogen Recombination

Let us define the recombination temperature Ty.. as the temperature where?> X, = 107!
in (3.3.108), i.e. when 90% of the electrons have combined with protons to form hydrogen.
We find

Trec = 0.3eV ~ 3600K . (3.3.109)
The reason that T,.. < By = 13.6 €V is that there are very many photons for each hydrogen

atom, 7 ~ 107 < 1. Even when T < By, the high-energy tail of the photon distribution
contains photons with energy EF > By so that they can ionize a hydrogen atom.

Ezercise—Confirm the estimate in (3.3.109).

Using Tree = To(1 + zpec), with Ty = 2.7K, gives the redshift of recombination,

Zree ~ 1320 . (3.3.110)

Since matter-radiation equality is at z., ~ 3500, we conclude that recombination occurred

in the matter-dominated era. Using a(t) = (t/to)?/?, we obtain an estimate for the time of

recombination .
0

(1 + Zrec)3/2

trec =

~ 290000 yrs . (3.3.111)

Photon Decoupling

Photons are most strongly coupled to the primordial plasma through their interactions with
electrons

e+ & e +7, (3.3.112)

22There is nothing deep about the choice X¢(Trec) = 107%. It is as arbitrary as it looks.
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with an interaction rate given by
Iy ~neor (3.3.113)

where o ~ 2 x 1073 MeV~2 is the Thomson cross section. Since Iy o ne, the interaction rate
decreases as the density of free electrons drops. Photons and electrons decouple roughly when
the interaction rate becomes smaller than the expansion rate,

Ty (Taee) ~ H(Tuec) - (3.3.114)
Writing
2((3
To(Tiee) = mpXe(Tiee) o7 = gr(Q ) N7 Xe(Taee) T (3.3.115)
Tec 3/2
H(Tyee) = Hor/Q, < ;ﬂo > : (3.3.116)
we get
2 HovVQ,
Xo(Tpee) Tyl ~ s OV (3.3.117)
Using the Saha equation for X¢(7e.), we find
Tigee ~ 0.27€V . (3.3.118)

Notice that although Ty, isn’t far from 7., the ionization fraction decreases significantly be-
tween recombination and decoupling, X¢(Trec) ~ 0.1 — Xc(Tgee) ~ 0.01. This shows that a large
degree of neutrality is necessary for the universe to become transparent to photon propagation.

Ezercise—Using (3.3.108), confirm the estimate in (3.3.118).

The redshift and time of decoupling are

Zdee ~ 1100 | (3.3.119)
tgee ~ 380000 yTS . (3.3.120)

After decoupling the photons stream freely. Observations of the cosmic microwave background
today allow us to probe the conditions at last-scattering.

Electron Freeze-Out*

In fig. 3.8, we see that a residual ionisation fraction of electrons freezes out when the interactions
in (3.3.100) become inefficient. To follow the free electron fraction after freeze-out, we need to
solve the Boltzmann equation, just as we did for the dark matter freeze-out.

We apply our non-equilibrium master equation (3.3.85) to the reaction (3.3.100). To a rea-
sonably good approximation the neutral hydrogen tracks its equilibrium abundance throughout,
np ~ ng. The Boltzmann equation for the electron density can then be written as

1 d(nea®)

a3 dt

= —{ow) [n? = (ngy?] . (3.3.121)
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Actually computing the thermally averaged recombination cross section (ov) from first principles
is quite involved, but a reasonable approximation turns out to be

B\ 1/2
(ov) ~ or (H> . (3.3.122)
T
Writing n. = nyXe and using that nya® = const., we find
dX A
=5 [Xf - (X;ﬂ)ﬂ , (3.3.123)

where © = By /T. We have used the fact that the universe is matter-dominated at recombination

and defined (o) Wb
Nnp\ov 3 b
—_— =39x10° | —— | . 3.3.124
| zH Ll . (0-03> ( )

>
Il

Ezercise—Derive eq. (3.3.123).

Notice that eq. (3.3.123) is identical to eq. (3.3.91)—the Riccati equation for dark matter freeze-
out. We can therefore immediately write down the electron freeze-out abundance, cf. eq. (3.3.95),

o Iy 3 xf 0.03
x® T~ 09x10 i I 3.3.125
© =) % (x> (Qbh ( )

Assuming that freeze-out occurs close to the time of recombination, .. &~ 45, we capture the
relic electron abundance pretty well (see fig. 3.8).

Ezercise—Using I'c(Ty) ~ H(T), show that the freeze-out temperature satisfies

7T2 HO\/ Qm
2(3) nor1*BY*

Use the Saha equation to show that Ty ~ 0.25 eV and hence z; ~ 54.

X (Ty) Ty = (3.3.126)

3.3.4 Big Bang Nucleosynthesis

Let us return to T ~ 1 MeV. Photons, electron and positrons are in equilibrium. Neutrinos
are about to decouple. Baryons are non-relativistic and therefore much fewer in number than
the relativistic species. Nevertheless, we now want to study what happened to these trace
amounts of baryonic matter. The total number of nucleons stays constant due to baryon number
conservation. This baryon number can be in the form of protons and neutrons or heavier nuclei.
Weak nuclear reactions may convert neutrons and protons into each other and strong nuclear
reactions may build nuclei from them. In this section, I want to show you how the light elements
hydrogen, helium and lithium were synthesised in the Big Bang. I won’t give a complete account
of all of the complicated details of Big Bang Nucleosynthesis (BBN). Instead, the goal of this
section will be more modest: I want to give you a theoretical understanding of a single number:
the ratio of the density of helium to hydrogen,

NMHe 1

ny ~ E .

Fig. 3.9 summarizes the four steps that will lead us from protons and neutrons to helium.

(3.3.127)
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Figure 3.9: Numerical results for helium production in the early universe.

Step 0: Equilibrium Abundances

In principle, BBN is a very complicated process involving many coupled Boltzmann equations
to track all the nuclear abundances. In practice, however, two simplifications will make our life

a lot easier:

1. No elements heavier than helium.

Essentially no elements heavier than helium are produced at appreciable levels. So the
only nuclei that we need to track are hydrogen and helium, and their isotopes: deuterium,
tritium, and 3He.

2. Only neutrons and protons above 0.1 MeV.

Above T = 0.1 MeV only free protons and neutrons exist, while other light nuclei haven’t
been formed yet. Therefore, we can first solve for the neutron/proton ratio and then use
this abundance as input for the synthesis of deuterium, helium, etc.

Let us demonstrate that we can indeed restrict our attention to neutrons and protons above
0.1 MeV. In order to do this, we compare the equilibrium abundances of the different nuclei:

e First, we determine the relative abundances of neutrons and protons. In the early universe,
neutrons and protons are coupled by weak interactions, e.g. S-decay and inverse S-decay

n+ve < pt4e” ,
e T (3.3.128)
n+et & p++1?e

Let us assume that the chemical potentials of electrons and neutrinos are negligibly small,
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so that p, = pp. Using (3.3.101) for n;?, we then have

" AL S ——
)= () e )/ T (3.3.129)
np eq mp

The small difference between the proton and neutron mass can be ignored in the first
factor, but crucially has to be kept in the exponential. Hence, we find

(“n) _ ot (3.3.130)
np eq

where Q = m,, — m, = 1.30 MeV. For T'>> 1 MeV, there are therefore as many neutrons
as protons. However, for T < 1 MeV, the neutron fraction gets smaller. If the weak
interactions would operate efficiently enough to maintain equilibrium indefinitely, then the
neutron abundance would drop to zero. Luckily, in the real world the weak interactions
are not so efficient.

e Next, we consider deuterium (an isotope of hydrogen with one proton and one neutron).
This is produced in the following reaction

n+pt < D+y. (3.3.131)

Since p, = 0, we have g, +p, = pp. To remove the dependence on the chemical potentials

n 3 mp 27\ %>
D _° D “n e*(mD*mn*mp)/T (33132)
Nphyp /. 4 \mpmy, T )
q

where, as before, we have used (3.3.101) for n;? (with gp = 3 and g, = g, = 2). In the

we consider

prefactor, mp can be set equal to 2m,, ~ 2m, ~ 1.9 GeV, but in the exponential the small
difference between m,, + m,, and mp is crucial: it is the binding energy of deuterium

Bp = m,, +my —mp = 2.22 MeV . (3.3.133)
Therefore, as long as chemical equilibrium holds the deuterium-to-proton ratio is
4 3/2
<"D> — 3ngq( T > eBo/T (3.3.134)
Mp / oq 4 mpT'

To get an order of magnitude estimate, we approximate the neutron density by the baryon
density and write this in terms of the photon temperature and the baryon-to-photon ratio,

2¢(3)

T2

3/2
<”D> ~ 7 <T) eBo/T (3.3.136)
Np eq mp

The smallness of the baryon-to-photon ratio n inhibits the production of deuterium until

Ny ~ Mp = NNy =17 X T3 . (3.3.135)

Eq. (3.3.134) then becomes

the temperature drops well beneath the binding energy Bp. The temperature has to drop

Bo/T can compete with 7 ~ 1072, The same applies to all other nuclei. At

enough so that e
temperatures above 0.1 MeV, then, virtually all baryons are in the form of neutrons and
protons. Around this time, deuterium and helium are produced, but the reaction rates are

by now too low to produce any heavier elements.
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Step 1: Neutron Freeze-Out

The primordial ratio of neutrons to protons is of particular importance to the outcome of BBN,
since essentially all the neutrons become incorporated into *He. As we have seen, weak inter-
actions keep neutrons and protons in equilibrium until 7' ~ MeV. After that, we must solve
the Boltzmann equation (3.3.85) to track the neutron abundance. Since this is a bit involved, I
won’t describe it in detail (but see the box below). Instead, we will estimate the answer a bit
less rigorously.

It is convenient to define the neutron fraction as

Np
Xpn=—". 3.3.137
e (33137)

From the equilibrium ratio of neutrons to protons (3.3.130), we then get

e~ /T

Xl = 1 =opr -

(3.3.138)

Neutrons follows this equilibrium abundance until neutrinos decouple at?? T' 't~ Tgeec ~ 0.8 MeV
(see §3.2.4). At this moment, weak interaction processes such as (3.3.128) effectively shut off.
The equilibrium abundance at that time is

X;4(0.8MeV) =0.17 . (3.3.139)
We will take this as a rough estimate for the final freeze-out abundance,
1
X5P ~ X(0.8MeV) ~ (3.3.140)

We have converted the result to a fraction to indicate that this is only an order of magnitude
estimate.

Exact treatment*.—OXK, since you asked, I will show you some details of the more exact treatment.
To be clear, this box is definitely not examinable!
Using the Boltzmann equation (3.3.85), with 1 = neutron, 3 = proton, and 2,4 = leptons (with

id(nnas) _r, lnn _ (”n) np] : (3.3.141)

ad dt np

ne = ny?), we find

where we have defined the rate for neutron/proton conversion as I';, = n¢(ov). Substituting (3.3.137)
and (3.3.138), we find

dX,
=T, [Xn —(1- Xn)e_Q/T} . (3.3.142)
Instead of trying to solve this for X, as a function of time, we introduce a new evolution variable
Q
=—. 3.3.143
= (3:.143)

We write the Lh.s. of (3.3.142) as

dX, _dedX, __wdldX, _ . dX,

dt  dt dz | Todt dz U az (3.3.144)

231f is fortunate that Ty ~ Q. This seems to be a coincidence: Q is determined by the strong and electromagnetic
interactions, while the value of T is fixed by the weak interaction. Imagine a world in which Ty <« Q!



72 3. Thermal History

where in the last equality we used that 7' oc a~!. During BBN, we have

g* Q2 1 . .
,/SMQ 1 2 with g,=1075. (3.3.145)

=H ~1.13s~ e oy
Eq. (3.3.142) then becomes
ax, T, _ _
— e — X, (1+e )] . 3.14
@ e (1+e )] (3.3.146)

Finally, we need an expression for the neutron-proton conversion rate, I';,. You can find a sketch of
the required QFT calculation in Dodelson’s book. Here, I just cite the answer

255 12 + 62 + 22

Do(z) =
(z) Tn ol

) (3.3.147)
where 7,, = 886.7 & 0.8 sec is the neutron lifetime. One can see that the conversion time I',! is
comparable to the age of the universe at a temperature of ~ 1 MeV. At later times, T oc t~/2 and
I',, o< T3 ox t=3/2, so the neutron-proton conversion time It t3/2 becomes longer than the age of
the universe. Therefore we get freeze-out, i.e. the reaction rates become slow and the neutron/proton
ratio approaches a constant. Indeed, solving eq. (3.3.146) numerically, we find (see fig. 3.9)

X =X,(x=00)=0.15. (3.3.148)

Step 2: Neutron Decay

At temperatures below 0.2 MeV (or ¢t 2 100 sec) the finite lifetime of the neutron becomes
important. To include neutron decay in our computation we simply multiply the freeze-out
abundance (3.3.148) by an exponential decay factor

n

1
Xo(t) = Xt/ = S et/ (3.3.149)

where 7, = 886.7 £ 0.8 sec.

Step 3: Helium Fusion

At this point, the universe is mostly protons and neutron. Helium cannot form directly because
the density is too low and the time available is too short for reactions involving three or more
incoming nuclei to occur at any appreciable rate. The heavier nuclei therefore have to be built
sequentially from lighter nuclei in two-particle reactions. The first nucleus to form is therefore
deuterium,

n+pt & D+~ (3.3.150)

Only when deuterium is available can helium be formed,

D+p" < 3He+7, (3.3.151)
D +3%He + “He+p' . (3.3.152)

Since deuterium is formed directly from neutrons and protons it can follow its equilibrium
abundance as long as enough free neutrons are available. However, since the deuterium binding
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energy is rather small, the deuterium abundance becomes large rather late (at 7' < 100 keV).
So although heavier nuclei have larger binding energies and hence would have larger equilibrium
abundances, they cannot be formed until sufficient deuterium has become available. This is the
deuterium bottleneck. Only when there is enough deuterium, can helium be produced. To get
a rough estimate for the time of nucleosynthesis, we determine the temperature Ty, when the
deuterium fraction in equilibrium would be of order one, i.e. (np/np)eq ~ 1. Using (3.3.136), I
find

Thue ~ 0.06 MeV | (3.3.153)

which via (3.2.68) with g, = 3.38 translates into

0.1MeV

nuc

2
toue = 120 sec < ) ~ 330 sec. (3.3.154)

Comment.—From fig. 3.9, we see that a better estimate would be n%q(TnuC) ~ 10*3n§q(Tnuc). This
gives Thye == 0.07 MeV and t,,c ~ 250 sec. Notice that t,u. < 7, so eq. (3.3.149) won’t be very

sensitive to the estimate for ..

Substituting tpu. ~ 330 sec into (3.3.149), we find

1
Xn(tnuc) ~ g . (33155)

Since the binding energy of helium is larger than that of deuterium, the Boltzmann factor
eB/T fayours helium over deuterium. Indeed, in fig. 3.9 we see that helium is produced almost
immediately after deuterium. Virtually all remaining neutrons at ¢ ~ t,,. then are processed
into “He. Since two neutrons go into one nucleus of *He, the final *He abundance is equal to

half of the neutron abundance at tyyuc, i.e. nge = %nn (tnuc), Or

1
N He N He §Xn (tnuc) 1 1
_ DMHe  _afniimue) o C oy (he) ~ | — | 3.3.156
o y 1— Xn(tnuc) 2 n( nuc) 16 ( )

as we wished to show. Sometimes, the result is expressed as the mass fraction of helium,

Inye 1
~ . 3.3.157
o " ( )

This prediction is consistent with the observed helium in the universe (see fig. 3.10).

BBN as a Probe of BSM Physics

We have arrived at a number for the final helium mass fraction, but we should remember that
this number depends on several input parameters:

e ¢,: the number of relativistic degrees of freedom determines the Hubble parameter during

/2

the radiation era, H x gi , and hence affects the freeze-out temperature

G3T} ~ \/Gng. T} — Trocg/®. (3.3.158)

Increasing g, increases T'f, which increases the n/p ratio at freeze-out and hence increases
the final helium abundance.



74 3. Thermal History

2 [+%

Qph s

1072 2
T L I B B T ]
2 ok ]
.2 25 = =t
s 029 B 7
£ 024 -
4 - :
S 0.23 :— He —:

1 1 1 1 1 1

EI I I I T I 5
- D .

107°
i

10—10

n x 1010

—

0

Number relative to H
LI I|||| I_
WMAP -—
[ I ILI 1 lIlllII 1

Figure 3.10: Theoretical predictions (colored bands) and observational constraints (grey bands).

e 7,: a large neutron lifetime would reduce the amount of neutron decay after freeze-out
and therefore would increase the final helium abundance.

e Q: a larger mass difference between neutrons and protons would decrease the n/p ratio
at freeze-out and therefore would decrease the final helium abundance.

e 7. the amount of helium increases with increasing 7 as nucleosythesis starts earlier for
larger baryon density.

e Gy: increasing the strength of gravity would increase the freeze-out temperature, Ty o

G}\{ﬁ, and hence would increase the final helium abundance.

e Gp: increasing the weak force would decrease the freeze-out temperature, T’y o G;?/ 3,

and hence would decrease the final helium abundance.

Changing the input, e.g. by new physics beyond the Standard Model (BSM) in the early universe,
would change the predictions of BBN. In this way BBN is a probe of fundamental physics.

Light Element Synthesis*

To determine the abundances of other light elements, the coupled Boltzmann equations have to
be solved numerically (see fig. 3.11 for the result of such a computation). Fig. 3.10 shows that
theoretical predictions for the light element abundances as a function of 7 (or €). The fact that
we find reasonably good quantitative agreement with observations is one of the great triumphs
of the Big Bang model.
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Figure 3.11: Numerical results for the evolution of light element abundances.

The shape of the curves in fig. 3.11 can easily be understood: The abundance of *He increases
with increasing 7 as nucleosythesis starts earlier for larger baryon density. D and He are burnt
by fusion, thus their abundances decrease as 7 increases. Finally, "Li is destroyed by protons at
low ) with an efficiency that increases with . On the other hand, its precursor "Be is produced

more efficiently as 7 increases. This explains the valley in the curve for Li.



Part 11

The Inhomogeneous Universe

76



Cosmological Perturbation Theory

So far, we have treated the universe as perfectly homogeneous. To understand the formation
and evolution of large-scale structures, we have to introduce inhomogeneities. As long as these
perturbations remain relatively small, we can treat them in perturbation theory. In particular,
we can expand the Einstein equations order-by-order in perturbations to the metric and the
stress tensor. This makes the complicated system of coupled PDEs manageable.

4.1 Newtonian Perturbation Theory

Newtonian gravity is an adequate description of general relativity on scales well inside the Hubble
radius and for non-relativistic matter (e.g. cold dark matter and baryons after decoupling). We
will start with Newtonian perturbation theory because it is more intuitive than the full treatment
in GR.

4.1.1 Perturbed Fluid Equations

Consider a non-relativistic fluid with mass density p, pressure P < p and velocity uw. Denote
the position vector of a fluid element by r and time by ¢t. The equations of motion are given by

basic fluid dynamics.! Mass conservation implies the continuity equation
Op = —V,p-(pu) , (4.1.1)

while momentum conservation leads to the Fuler equation

VP

(O +u-Vy)u= —V,d . (4.1.2)

The last equation is simply “F = ma” for a fluid element. The gravitational potential ¢ is
determined by the Poisson equation

V20 = 4nGp . (4.1.3)

Convective derivative.*—Notice that the acceleration in (4.1.2) is not given by d;u (which mea-
sures how the velocity changes at a given position), but by the “convective time derivative”
Diu = (0: + u-V)u which follows the fluid element as it moves. Let me remind you how this
comes about.

Consider a fixed volume in space. The total mass in the volume can only change if there is a
flux of momentum through the surface. Locally, this is what the continuity equation describes:
Owp + Vj(pu;) = 0. Similarly, in the absence of any forces, the total momentum in the volume

1See Landau and Lifshitz, Fluid Mechanics.

7



78 4. Cosmological Perturbation Theory

can only change if there is a flux through the surface: 0;(pu;) + V,;(pu;u;) = 0. Expanding the
derivatives, we get

Oe(pui) + Vj(puiuz) = p[0r +u; Vil u; +u; [0ip + Vi (puy)]
—_——
=0
— p [at + UjVj] ’U,i .

In the absence of forces it is therefore the convective derivative of the velocity, D;u, that vanishes,

not dyu. Adding forces gives the Euler equation.

We wish to see what these equation imply for the evolution of small perturbations around
a homogeneous background. We therefore decompose all quantities into background values
(denoted by an overbar) and perturbations—e.g. p(t,r) = p(t) + dp(t,r), and similarly for the
pressure, the velocity and the gravitational potential. Assuming that the fluctuations are small,
we can linearise egs. (4.1.1) and (4.1.2), i.e. we can drop products of fluctuations.

Static space without gravity

Let us first consider static space and ignore gravity (® = 0). It is easy to see that a solution for
the background is p = const., P = const. and @ = 0. The linearised evolution equations for the
fluctuations are

Oop = =V, (pu) , (4.1.4)
pou =—V,0P . (4.1.5)

Combining 0, (4.1.4) and V,-(4.1.5), one finds
O}6p — V2P =0. (4.1.6)

For adiabatic fluctuations (see below), the pressure fluctuations are proportional to the density
fluctuations, P = c2dp, where c; is called the speed of sound. Eq. (4.1.6) then takes the form
of a wave equation

(07 — 2V dp=0. (4.1.7)

This is solved by a plane wave, §p = Aexpli(wt — k - r)], where w = ¢sk, with k = |k|. We see
that in a static spacetime fluctuations oscillate with constant amplitude if we ignore gravity.

Fourier space—The more formal way to solve PDEs like (4.1.7) is to expand dp in terms of its Fourier
components

3
op(t,r) = / ((217:;3 e TS pr(t) (4.1.8)

The PDE (4.1.7) turns into an ODE for each Fourier mode

(07 + 2k?) dpr = 0, (4.1.9)

which has the solution
Spr = Apert + Bre it wr = cgk . (4.1.10)
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Static space with gravity

Now we turn on gravity. Eq. (4.1.7) then gets a source term
(8? - chTQ) op =4rGpdp , (4.1.11)

where we have used the perturbed Poisson equation, V26® = 47Gdp. This is still solved by
dp = Aexpli(wt — k - r)], but now with

w? = 2k? — 4nGp . (4.1.12)

We see that there is a critical wavenumber for which the frequency of oscillations is zero:

g

gy = YATGP (4.1.13)

Cs

For small scales (i.e. large wavenumber), k > kj, the pressure dominates and we find the same
oscillations as before. However, on large scales, k < kj, gravity dominates, the frequency w
becomes imaginary and the fluctuations grow exponentially. The crossover happens at the Jeans’

length

27 T

Aj=— = — . 4.1.14

J kj Cs Gﬁ ( )
Expanding space

In an expanding space, we have the usual relationship between physical coordinates r and
comoving coordinates x,
r(t) =a(t)x . (4.1.15)

The velocity field is then given by
u(t)=r=Hr+v, (4.1.16)

where Hr is the Hubble flow and v = a is the proper velocity. In a static spacetime, the time
and space derivates defined from ¢ and r were independent. In an expanding spacetime this is
not the case anymore. It is then convenient to use space derivatives defined with respect to the
comoving coordinates @, which we denote by V. Using (4.1.15), we have

V,y=a1V,. (4.1.17)

The relationship between time derivatives at fixed r and at fixed x is

(8)-(2) (), == (3) () =

B,
= (575)95 —Hx-V, . (4.1.18)

From now on, we will drop the subscripts x.
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With this in mind, let us look at the fluid equations in an expanding universe:
o Continuity equation
Substituting (4.1.17) and (4.1.18) for V,. and 0; in the continuity equation (4.1.1), we get

{gt —Hzx - V} [p(1+6)] + %V [P+ 6)(Hax +v)| =0, (4.1.19)

Here, I have introduced the fractional density perturbation

5= (4.1.20)
p

Sometimes ¢ is called the density contrast.
Let us analyse this order-by-order in perturbation theory:

— At zeroth order in fluctuations (i.e. dropping the perturbations § and v), we have
L isHp=0, (4.1.21)

where I have used V. -x = 3. We recognise this as the continuity equation for the

homogeneous mass density, p oc a™>.

— At first order in fluctuations (i.e. dropping products of ¢ and v), we get

0 1
{atHa;-V} (0] +oV- [pHaxé + pv] =0, (4.1.22)
which we can write as
op B _d0 p
— H —+=V.v=0. 4.1.2
[8t+3 p]5+p8t+aVU 0 ( 3)

The first term vanishes by (4.1.21), so we find

f=—1v.o : (4.1.24)
a

where we have used an overdot to denote the derivative with respect to time.

e Fuler equation

Similar manipulations of the Euler equation (4.1.2) lead to

b+ Ho = ——V6P — 2vsa |, (4.1.25)
ap a

In the absence of pressure and gravitational perturbations, this equation simply says that
v o< !, which is something we already discovered in Chapter 1.

e Poisson equation

It takes hardly any work to show that the Poisson equation (4.1.3) becomes

V235® = 4nGa?pé |. (4.1.26)
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Ezercise—Derive eq. (4.1.25).

4.1.2 Jeans’ Instability
Combining 0 (4.1.24) with V-(4.1.25) and (4.1.26), we find

.. . 2
§+2HS — V% = 4nGps | (4.1.27)
a

This implies the same Jeans’ length as in (4.1.14), but unlike the case of a static spacetime, it
now depends on time via p(t) and ¢s(t). Compared to (4.1.11), the equation of motion in the
expanding spacetime includes a friction term, 2H 4. This has two effects: Below the Jeans’ length,
the fluctuations oscillate with decreasing amplitude. Above the Jeans’ length, the fluctuations
experience power-law growth, rather than the exponential growth we found for static space.

4.1.3 Dark Matter inside Hubble

The Newtonian framework describes the evolution of matter fluctuations. We can apply it to
the evolution dark matter on sub-Hubble scales. (We will ignore small effects due to baryons.)

e During the matter-dominated era, eq. (4.1.27) reads
Om + 2H by, — A7 Gprmdm = 0, (4.1.28)

where we have dropped the pressure term, since ¢y = 0 for linearised CDM fluctuations.
(Non-linear effect produce a finite, but small, sound speed.) Since a t2/3 we have

H = 2/3t and hence
; 4 . 9
Om + —0m — —5
* 3t 3t2

where we have used 47Gp,, = %H 2. Trying 6,, o tP gives the following two solutions:

5 =0, (4.1.29)

t_l o a—3/2
Oy X s : (4.1.30)
X a

Hence, the growing mode of dark matter fluctuations grows like the scale factor during the
MD era. This is a famous result that is worth remembering.

e During the radiation-dominated era, eq. (4.1.27) gets modified to

Om + 2Hbpm — 4G " pro; =0, (4.1.31)
I

where the sum is over matter and radiation. (It is the total density fluctuation ép = dpy, +
dpr which sources 0®!) Radiation fluctuations on scales smaller than the Hubble radius
oscillate as sound waves (supported by large radiation pressure) and their time-averaged
density contrast vanishes. To prove this rigorously requires relativistic perturbation theory
(see below). It follows that the CDM is essentially the only clustered component during
the acoustic oscillations of the radiation, and so

.. 1.
bm + S 0m — ATG Pl ~ 0 . (4.1.32)
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Since 0y, evolves only on cosmological timescales (it has no pressure support for it to do

otherwise), we have
- 8rG

Om ~ H25,, ~ =5 PrOm > A7 Gpmm (4.1.33)
where we have used that p, > p,,. We can therefore ignore the last term in (4.1.32)
compared to the others. We then find

const.
Om X . (4.1.34)
Int x Ina

We see that the rapid expansion due to the effectively unclustered radiation reduces the
growth of d,, to only logarithmic. This is another fact worth remembering: we need to
wait until the universe becomes matter dominated in order for the dark matter density
fluctuations to grow significantly.

e During the A-dominated era, eq. (4.1.27) reads

Om + 2Hby, — 47G Y " pror =0, (4.1.35)

where I = m,A. As far as we can tell, dark energy doesn’t cluster (almost by definition),
SO we can write
Om + 2H by — 471G P 6 = 0, (4.1.36)

Notice that this is not the same as (4.1.28), because H is different. Indeed, in the A-
dominated regime H? ~ const. > 4G p,,. Dropping the last term in (4.1.36), we get

Om + 2Hb,m ~ 0 (4.1.37)
which has the following solutions
const.
Om X . (4.1.38)
e—2Ht o 42

We see that the matter fluctuations stop growing once dark energy comes to dominate.

4.2 Relativistic Perturbation Theory

The Newtonian treatment of cosmological perturbations is inadequate on scales larger than the
Hubble radius, and for relativistic fluids (like photons and neutrinos). The correct description
requires a full general-relativistic treatment which we will now develop.

4.2.1 Perturbed Spacetime
The basic idea is to consider small perturbations dg,, around the FRW metric g, ,
Guv = guu + 6,9“1/ . (4239)

Through the Einstein equations, the metric perturbations will be coupled to perturbations in
the matter distribution.
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Perturbations of the Metric

To avoid unnecessary technical distractions, we will only present the case of a flat FRW back-
ground spacetime
ds* = a*(1)|d7? — §;;da’da? | . (4.2.40)

The perturbed metric can then be written as

ds® = a®(7) [(1 +2A)dr? — 2B;da’dr — (6;j + hyy)da'da? | (4.2.41)
where A, B; and h;; are functions of space and time. We shall adopt the useful convention that
Latin indices on spatial vectors and tensors are raised and lowered with ¢;;, e.g. hi; = 69 hij.

Scalar, Vectors and Tensors

It will be extremely useful to perform a scalar-vector-tensor (SVT) decomposition of the pertur-
bations. For 3-vectors, this should be familiar. It simply means that we can split any 3-vector
into the gradient of a scalar and a divergenceless vector

B;= 8B + B; , (4.2.42)
~— =~
scalar vector

with 6'B; = 0. Similarly, any rank-2 symmetric tensor can be written

hij = 2C8;; + 20,00 E + 20,E; + 2E;; (4.2.43)
scalar vector tensor
where
_ 1 2
00y E = (0:0; - 50,V°)E . (4.2.44)
~ 1 “ .
8(ZE]) = §<azE] +8jEZ-) . (4.2.45)

As before, the hatted quantities are divergenceless, i.e. &E; = 0 and ﬁiEij = 0. The tensor
perturbation is traceless, Fi; = 0. The 10 degrees of freedom of the metric have thus been
decomposed into 4 + 4 4+ 2 SVT degrees of freedom:

e scalars: A, B, C, E

e vectors: B;, F;

N

e tensors: Ejj

What makes the SVT-decomposition so powerful is the fact that the Einstein equations for
scalars, vectors and tensors don’t mix at linear order and can therefore be treated separately.
In these lectures, we will mostly be interested in scalar fluctuations and the associated density
perturbations. Vector perturbations aren’t produced by inflation and even if they were, they
would decay quickly with the expansion of the universe. Tensor perturbations are an important
prediction of inflation and we will discuss them briefly in Chapter 6.
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The Gauge Problem

Before we continue, we have to address an important subtlety. The metric perturbations
in (4.2.41) aren’t uniquely defined, but depend on our choice of coordinates or the gauge choice.
In particular, when we wrote down the perturbed metric, we implicitly chose a specific time
slicing of the spacetime and defined specfic spatial coordinates on these time slices. Making a
different choice of coordinates, can change the values of the perturbation variables. It may even
introduce fictitious perturbations. These are fake perturbations that can arise by an inconvenient
choice of coordinates even if the background is perfectly homogeneous.

For example, consider the homogeneous FRW spacetime (4.2.40) and make the following
change of the spatial coordinates, ' — 7* = 2 4 ¢*(7, ). We assume that &’ is small, so that it
can also be treated as a perturbation. Using dz’ = di’ — 0,£'dr — 9£'di*, eq. (4.2.40) becomes

ds? = a*(7) [dr? — 2¢/dF'dr — (65 + 20:&;)) di'da’] | (4.2.46)

where we have dropped terms that are quadratic in ¢ and defined &/ = 0,¢;. We apparently
have introduced the metric perturbations B; = &/ and E; = &. But these are just fictitious
gauge modes that can be removed by going back to the old coordinates.

Similar, we can change our time slicing, 7 + 7 + £°(7, ). The homogeneous density of the
universe then gets perturbed, p(7) = p(7 + £%(7, 2)) = p(7) + p’€°. So even in an unperturbed
universe, a change of the time coordinate can introduce a fictitious density perturbation

op=p'ev . (4.2.47)

Similarly, we can remove a real perturbation in the energy density by choosing the hypersurface
of constant time to coincide with the hypersurface of constant energy density. Then dp = 0
although there are real inhomogeneities.

These examples illustrate that we need a more physical way to identify true perturbations.
One way to do this is to define perturbations in such a way that they don’t change under a
change of coordinates.

Gauge Transformations

Consider the coordinate transformation
X o XP=XF4ei(r,x), where =T, ¢=L=0L+1L". (4.2.48)

We have split the spatial shift L’ into a scalar, L, and a divergenceless vector, Li. We wish to
know how the metric transforms under this change of coordinates. The trick is to exploit the
invariance of the spacetime interval,

ds? = g, (X)dXPAXY = Gop(X)dX¥dXP 4.2.49
m B

where I have used a different set of dummy indices on both sides to make the next few lines
clearer. Writing dX® = (0X®/dX*)dX* (and similarly for dX?), we find

G (X) = XK DXV Gap(X) . (4.2.50)

This relates the metric in the old coordinates, g, to the metric in the new coordinates, gng.
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Let us see what (4.2.50) implies for the transformation of the metric perturbations in (4.2.41).
I will work out the 00-component as an example and leave the rest as an exercise. Consider
pw=v=01in (4.2.50):
0X*oxXP
goo(X) = —— Gap(X) . (4.2.51)
or Or

The only term that contributes to the lL.h.s. is the one with o = 8 = 0. Consider for example

a = 0 and 8 = i. The off-diagonal component of the metric go; is proportional to B;, so it
is a first-order perturbation. But X' /OT is proportional to the first-order variable &, so the
product is second order and can be neglected. A similar argument holds for « = ¢ and § = j.
Eq. (4.2.51) therefore reduces to

~\ 2
goo(X) = (g:) doo(X) . (4.2.52)

Substituting (4.2.48) and (4.2.41), we get
a2 (7)(1+24) = (1+T")°a®(r + T)(1 + 24)
= (1427 + ) (a(r) + d'T +--- ) (1 + 24)
=a*(7)(1+2HT + 2T +2A+---) , (4.2.53)

where H = d’/a is the Hubble parameter in conformal time. Hence, we find that at first order,
the metric perturbation A transforms as

A A=A—-T —HT . (4.2.54)
I leave it to you to repeat the argument for the other metric components and show that

Bi+— By =B; +0,T — L, , (4.2.55)
hij — ibij = hij — Qa(iLj) — QHT(Sij . (4.2_56)

Ezercise—Derive eqs. (4.2.55) and (4.2.56).

In terms of the SVT-decomposition, we get

A A=T —HT, (4.2.57)
B—B+T-1", Bi— B — L, (4.2.58)
C C—HT — %VQL , (4.2.59)
E—~E-L, B B —L; By Eyj . (4.2.60)

Gauge-Invariant Perturbations

One way to avoid the gauge problems is to define special combinations of metric perturbations
that do not transform under a change of coordinates. These are the Bardeen variables:

UV=A+H(B-FE)+(B-EY, b, =E - B, Eyj (4.2.61)

=-C-HB-E)+ év%’ . (4.2.62)
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Ezercise.—Show that ¥, ® and ®; don’t change under a coordinate transformation.

These gauge-invariant variables can be considered as the ‘real’ spacetime perturbations since
they cannot be removed by a gauge transformation.
Gauge Fixing

An alternative (but related) solution to the gauge problem is to fiz the gauge and keep track
of all perturbations (metric and matter). For example, we can use the freedom in the gauge
functions T and L in (4.2.48) to set two of the four scalar metric perturbations to zero:

o Newtonian gauge.—The choice

B=FE=0, (4.2.63)

gives the metric
ds® = a*(7) [(1 +20)dr? — (1 — 2®)d;;da’da’] . (4.2.64)
Here, we have renamed the remaining two metric perturbations, A = ¥ and C = —®, in

order to make contact with the Bardeen potentials in (4.2.61) and (4.2.62). For perturba-
tions that decay at spatial infinity, the Newtonian gauge is unique (i.e. the gauge is fixed
completely).? In this gauge, the physics appears rather simple since the hypersurfaces of
constant time are orthogonal to the worldlines of observers at rest in the coordinates (since
B = 0) and the induced geometry of the constant-time hypersurfaces is isotropic (since
E = 0). In the absence of anisotropic stress, ¥ = ®. Note the similarity of the metric to
the usual weak-field limit of GR about Minkowski space; we shall see that W plays the role
of the gravitational potential. Newtonian gauge will be our preferred gauge for studying
the formation of large-scale structures (Chapter 5) and CMB anisotropies (Chapter 77).

o Spatially-flat gauge.—A convenient gauge for computing inflationary perturbations is
C=FE=0. (4.2.65)

In this gauge, we will be able to focus most directly on the fluctuations in the inflaton
field d¢ (see Chapter 6) .

4.2.2 Perturbed Matter

In Chapter 1, we showed that the matter in a homogeneous and isotropic universe has to take
the form of a perfect fluid
™, = (p+ P)U*U, — P&" | (4.2.66)

where Uu = aég, Ut = a‘lég for a comoving observer. Now, we consider small perturbations of
the stress-energy tensor
T+, =T", +6T", . (4.2.67)

2More generally, a gauge transformation that corresponds to a small, time-dependent but spatially constant
boost —i.e. L(7) and a compensating time translation with 8;T = L;(7) to keep the constant-time hypersurfaces
orthogonal — will preserve E;; = 0 and B; = 0 and hence the form of the metric in eq. (4.4.168). However, such
a transformation would not preserve the decay of the perturbations at infinity.
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Perturbations of the Stress-Energy Tensor

In a perturbed universe, the energy density p, the pressure P and the four-velocity U* can
be functions of position. Moreover, the stress-energy tensor can now have a contribution from
anisotropic stress, II*,,. The perturbation of the stress-energy tensor is

§T*, = (6p + 6P)U*U, + (p + P)(6U*U, + U*SU,) — 6P — 11, . (4.2.68)

The spatial part of the anisotropic stress tensor can be chosen to be traceless, IT?; = 0, since its
trace can always be absorbed into a redefinition of the isotropic pressure, P. The anisotropic
stress tensor can also be chosen to be orthogonal to U*, i.e. UM, = 0. Without loss of
generality, we can then set II°) = II°; = 0. In practice, the anisotropic stress will always be
negligible in these lectures. We will keep it for now, but at some point we will drop it.

Perturbations in the four-velocity can induce non-vanishing energy fluz, Toj, and momen-
tum density, T%. To find these, let us compute the perturbed four-velocity in the perturbed
metric (4.2.41). Since g, U*U" =1 and gWU“U” =1, we have, at linear order,

89, UMUY +20,06U" =0 . (4.2.69)

Using U* = a*152 and §gop = 2a%A, we find U = —Aa~!. We then write U’ = v*/a, where
v’ = dx'/dr is the coordinate velocity, so that

Ut =a 11— A0 . (4.2.70)
From this, we derive
0(2)
—~
Uo = gooU° + goiU* = a®>(1 +24)a" (1 — A) = a(1 + A) , (4.2.71)
Ui = gioU° + g;;U7 = —a*Bija™" — a*6;ja ") = —a(B; +v;) , (4.2.72)
ie.
UM = a[l + A, —(Ui + Bl)] . (4.2.73)

Using (4.2.70) and (4.2.73) in (4.2.68), we find

6T% = 6p , (4.2.74)
6T = (p+ P)v' , (4.2.75)
6T = —(p+ P)(vj + B;) , (4.2.76)
§T'; = —0P§; —1I'; . (4.2.77)

We will use ¢* for the momentum density (p + P)v'. If there are several contributions to the
stress-energy tensor (e.g. photons, baryons, dark matter, etc.), they are added: T, =) ; Tlfy.
This implies

Sp=3 6pr, 6P=Y 0P, ¢=)Y q, O7=>T7. (4.2.78)
I 1 1 I

We see that the perturbations in the density, pressure and anisotropic stress simply add. The
velocities do not add, but the momentum densities do.



88 4. Cosmological Perturbation Theory

Finally, we note that the SVT decomposition can also be applied to the perturbations of the
stress-energy tensor: dp and J P have scalar parts only, ¢; has scalar and vector parts,

¢ =0iq+qi , (4.2.79)
and II;; has scalar, vector and tensor parts,
IL;; = 0011 + 9,11 + 115 . (4.2.80)
Gauge Transformations

Under the coordinate transformation (4.2.48), the stress-energy tensor transform as

OXHoXP . -

T",(X)

Evaluating this for the different components, we find

Spr0p—Tp", (4.2.82)
§P— 6P —-TP', (4.2.83)
g — ¢+ (p+ P)L;, (4.2.84)
v = v+ L (4.2.85)
IL;j w1155 . (4.2.86)

Ezercise—Confirm eqs. (4.2.82)—(4.2.86). [Hint: First, convince yourself that the inverse of a matrix

of the form 1 + &, were 1 is the identity and € is a small perturbation, is 1 — & to first order in &.]

Gauge-Invariant Perturbations

There are various gauge-invariant quantities that can be formed from metric and matter vari-
ables. One useful combination is

pA=dp+p'(v+ B), (4.2.87)

where v; = J;v. The quantity A is called the comoving-gauge density perturbation.

Exercise.—Show that A is gauge-invariant.

Gauge Fixing

Above we used our gauge freedom to set two of the metric perturbations to zero. Alternatively,
we can define the gauge in the matter sector:

e Uniform density gauge.—We can use the freedom in the time-slicing to set the total density
perturbation to zero
op=0. (4.2.88)
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o (Comoving gauge.—Similarly, we can ask for the scalar momentum density to vanish,
g=0. (4.2.89)

Fluctuations in comoving gauge are most naturally connected to the inflationary initial
conditions. This will be explained in §4.3.1 and Chapter 6.

There are different versions of uniform density and comoving gauge depending on which of the
metric fluctuations is set to zero. In these lectures, we will choose B = 0.

Adiabatic Fluctuations

Simple inflation models predict initial fluctuations that are adiabatic (see Chapter 6). Adiabatic
perturbations have the property that the local state of matter (determined, for example, by the
energy density p and the pressure P) at some spacetime point (7, ) of the perturbed universe
is the same as in the background universe at some slightly different time 7+ 07 (x). (Notice that
the time shift varies with location @!) We can thus view adiabatic perturbations as some parts
of the universe being “ahead” and others “behind” in the evolution. If the universe is filled with
multiple fluids, adiabatic perturbations correspond to perturbations induced by a common, local
shift in time of all background quantities; e.g. adiabatic density perturbations are defined as

Spr(r,x) = pr(1+ 07(x)) — pr(7) = pror(x) , (4.2.90)
where 7 is the same for all species I. This implies

_0pr _%ps
- - /

0T = — — for all species I and J . (4.2.91)
Pr Py

Using® p; = —3H(1 + wy)pr, we can write this as

§g 4y
1+wr 14wy

for all species I and J , (4.2.92)

where we have defined the fractional density contrast

5y = L1 (4.2.93)

Pr
Thus, for adiabatic perturbations, all matter components (w,, ~ 0) have the same fractional
perturbation, while all radiation perturbations (w, = %) obey

Op = =0m - (4.2.94)
It follows that for adiabatic fluctuations, the total density perturbation,

dptot = ProtOtot = Zﬁ[fh ; (4.2.95)
i

is dominated by the species that is dominant in the background since all the §; are comparable.
We will have more to say about adiabatic initial conditions in §4.3.

3If there is no energy transfer between the fluid components at the background level, the energy continuity
equation is satisfied by them separately.
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Isocurvature Fluctuations

The complement of adiabatic perturbations are isocurvature perturbations. While adiabatic
perturbations correspond to a change in the total energy density, isocurvature perturbations
only correspond to perturbations between the different components. Eq. (4.2.92) suggests the
following definition of isocurvature fluctuations

(4.2.96)

Single-field inflation predicts that the primordial perturbations are purely adiabatic, i.e. S;y =
0, for all species I and J. Moreover, all present observational data is consistent with this
expectation. We therefore won’t consider isocurvature fluctuations further in these lectures.

4.2.3 Linearised Evolution Equations

Our next task is to derive the perturbed Einstein equations, G, = 87G6T),, from the per-
turbed metric and the perturbed stress-energy tensor. We will work in Newtonian gauge with

1+ 20 0
, = a’ . 4.2.
I = @ < 0 —(1-28)5; ) (42.97)

In these lectures, we will never encounter situations where anisotropic stress plays a significant
role. From now on, we will therefore set anisotropic stress to zero, II;; = 0. As we will see, this
enforces & = U.

Perturbed Connection Coefficients

To derive the field equations, we first require the perturbed connection coefficients. Recall that

1
Fﬁp = 59#)\ (allgkp + apgAV - 8>\gup) . (4.2.98)

Since the metric (4.2.97) is diagonal, it is simple to invert

1 [1-20 0
T . 4.2.99
> ( 0 —(1+28)5% ) (42.99)

Substituting (4.2.97) and (4.2.99) into (4.2.98), gives

[y =M+, 4.2.100
g, =00, 4.2.101
b =090, | 4.2.102

4.2.103
4.2.104
4.2.105

Iy =Héij — [+ 2H(® + V)] 6y ,
}0 = %5;' - CI)/‘SJZ' ’

i), = —zag’jak)q) + 00" ®

o~ o~ o~ o~ o~ o~
—_ — — Y ~— —

I will work out I'), as an example and leave the remaining terms as an exercise.
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Example—From the definition of the Christoffel symbol we have
0 L 00
Lo = 59 (200900 — Gogoo)

1
= 590080900 . (4.2.106)

Substituting the metric components, we find

%(1 —20)0p[a®(1 + 20)]

0 _
FOO_

at linear order in W.

Ezercise.—Derive eqgs. (4.2.101)—(4.2.105).

Perturbed Stress-Energy Conservation

Equipped with the perturbed connection, we can immediately derive the perturbed conservation
equations from

vV, T", =0
= 9,T", + T, T%, —T%,TH, . (4.2.108)

Continuity Equation

Consider first the v = 0 component

80T + 0" + ThT% + Th, T —T00T% — Ty T — Do T0i —ThT7; = 0 . (4.2.109)
—— —— =
0(2) 0(2) 0(2)

Substituting the perturbed stress-energy tensor and the connection coefficients gives

(P + 6p) +0iq" + (H + V' + 3H — 39") (5 + dp)
— (H+T')(5+0p) — (H— ®)3i[— (P+0P)s!] =0, (4.2.110)

and hence
p +0p +0iq" + 3H(p+ 6p) — 35’ + 3H(P +6P) — 3PP =0 . (4.2.111)
Writing the zeroth-order and first-order parts separately, we get

p'=-3H(p+P), (4.2.112)
6p' = —3H(0p+0P) + 3% (p+P) -V -q. (4.2.113)

The zeroth-order part (4.2.112) simply is the conservation of energy in the homogeneous back-
ground. Eq. (4.2.113) describes the evolution of the density perturbation. The first term on
the right-hand side is just the dilution due to the background expansion (as in the background
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equation), the V - g term accounts for the local fluid flow due to peculiar velocity, and the @’
term is a purely relativistic effect corresponding to the density changes caused by perturbations
to the local expansion rate [(1 — ®)a is the “local scale factor” in the spatial part of the metric
in Newtonian gauge].

It is convenient to write the equation in terms of the fractional overdensity and the 3-velocity,

dp q
s=2P d =_—=_ 4.2.114
5 an v P ( )
Eq. (4.2.113) then becomes
P 5P P
5’+<1+) (V-v—30")+3H (—)5:0 : (4.2.115)
p ép P

This is the relativistic version of the continuity equation. In the limit P < p, we recover the
Newtonian continuity equation in conformal time, ¢’ + V - v — 3®' = 0, but with a general-
relativistic correction due to the perturbation to the rate of exansion of space. This correction
is small on sub-horizon scales (k > H) — we will prove this rigorously in Chapter 5.

Euler Equation
Next, consider the v = i component of eq. (4.2.108),
0, T#; +Th TP; —T°,T", =0, (4.2.116)
and hence
00T + 05T + ThyTO + TV, T7; = T0,T% — T9,19) — T),7% — T/, 7% =0. (42117
Using eqs. (4.2.74)—(4.2.77), with T% = —¢; in Newtonian gauge, eq. (4.2.117) becomes

—q + 9 [—(P + 5p)5g} — AHq; — (9;T — 30;®) P§! — 0,05

~Hbg? + HOlg; + (~20],0@ + 67 012) POS = 0, (4.2.118)
—35:@15
or
—q; — 0i0P — 4Hq; — (p+ P)3;¥ = 0. (4.2.119)

Using egs. (4.2.112) and (4.2.114), we get

D/
v+ Ho — 3%1;,1; = —Lﬂi - VY. (4.2.120)
p p+P

This is the relativistic version of the Fuler equation for a viscous fluid. Pressure gradients
(V4 P) and gravitational infall (V) drive v’. The equation captures the redshifting of peculiar
velocities (Hv) and includes a small correction for relativistic fluids (P’/p’). Adiabatic fluctua-
tions satisfy P’/p’ = c2. Non-relativistic matter fluctuations have a very small sound speed, so
the relativistic correction in the Euler equation (4.2.120) is much smaller than the redshifting
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term. The limit P < p then reproduces the Euler equation (4.1.25) of the linearised Newtonian

treatment.

Egs. (4.2.115) and (4.2.120) apply for the total matter and velocity, and also separately for any
non-interacting components so that the individual stress-energy tensors are separately conserved.
Once an equation of state of the matter (and other constitutive relations) are specified, we just
need the gravitational potentials ¥ and ® to close the system of equations. Equations for ¥ and
® follow from the perturbed Einstein equations.

Perturbed Einstein Equations

Let us now compute the linearised Einstein equation in Newtonian gauge. We require the
perturbation to the Einstein tensor, G, = Ry, — %Rg,w, so we first need to calculate the
perturbed Ricci tensor R, and scalar R.

Ricci tensor.—We recall that the Ricci tensor can be expressed in terms of the connection as

Ry = 0\, — 0,0\ + T3, %, =T, T5, (4.2.121)

Substituting the perturbed connection coefficients (4.2.100)—(4.2.105), we find

Roo = —3H' + V2U + 3H(®' + V) + 39" | (4.2.122)

Roi = 20;9" + 2HO,; ¥ (4.2.123)

Rij = [H +2H* — "+ V?® — 2(H' + 2H*)(® + V) — HV' — 5HP'] 6 (4.2.124)
+ 0;0;(®— V) .

I will derive Ryg here and leave the others as an exercise.

Ezxample.—The 00 component of the Ricci tensor is
Roo = 0,6y — aorgp + 0ol — ngrga . (4.2.125)

When we sum over p, the terms with p = 0 cancel so we need only consider summing over p = 1,2, 3,
ie.
Roo = 90 — 0oL + Tol: — T6ilha
= 0Ty — BoTG; + T, + F(J)Oré‘i —I9.T6o _F(J)iré)j
——

0(2) 0(2)
= VU —30)(H — @) + 3(H + ¥')(H — @) — (H — ©)%6)6;
= —3H + VU + 3H(P' + V') + 30" . (4.2.126)

Ezercise—Derive eqs. (4.2.123) and (4.2.124).

Ricci scalar—1It is now relatively straightforward to compute the Ricci scalar

R = g™ Roo + 29" Roi +9" Rij . (4.2.127)
—
0
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It follows that

a’R = (1 —2¥)Rgo — (1 + 2®)5 R;;
= (1—20) [-3H + V2T + 3H(®' + ¥') + 30"
—3(142®) [H +2H? — " + V2® — 2(H' + 2H*)(® + ) — HI' — 5HD]
—(1+20)V*(® - T) . (4.2.128)

Dropping non-linear terms, we find

a’R = —6(H' +H?) +2V?V —4AV2® + 12(H + H*) U + 60" + 6H (V' +30) . (4.2.129)

FEinstein tensor—Computing the Einstein tensor is now just a matter of collecting our previous
results. The 00 component is

1
Goo = Roo — ggooR

= —3H 4+ V23U 4 3H (D' + V') 4+ 30" 4 3(1 + 20)(H' + H?)

— % [2V20 — 4V2Q + 12(H' + H?)T + 69" + 6H (V' + 39")] . (4.2.130)

Most of the terms cancel leaving the simple result
Goo = 3H? +2V2D — 61D’ . (4.2.131)
The 0i component of the Einstein tensor is simply Rg; since gp; = 0 in Newtonian gauge:
Goi = 20;(®' + HVY) . (4.2.132)

The remaining components are
1
Gij = Rij — 59 1t
= [H +2H? — ®" + V?® — 2(H' + 2H?)(® + V) — HV' — 5HP'| 6;; + 0;0;(® — ¥)

—3(1 = 20)(H + H?)dy;
+ % [2V20 — 4V2® + 12(H' + H?)T + 60" + 6H(V' + 39")] 6y . (4.2.133)
This neatens up (only a little!) to give
Gij = —(2H + H?)dij + [V*(T — @) + 20" + 2(2H + H?)(® + V) + 2HT' + 4HP'] §;;
+ 0;0;(® — V) . (4.2.134)
Einstein Equations

Substituting the perturbed Einstein tensor, metric and stress-energy tensor into the Einstein
equation gives the equations of motion for the metric perturbations and the zeroth-order Fried-
mann equations:

e Let us start with the trace-free part of the ij equation, G;; = 8nGT;;. Since we have
dropped anisotropic stress there is no source on the right-hand side. From eq. (4.2.134),
we get

9,0, (® — ) = 0. (4.2.135)
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Had we kept anisotropic stress, the right-hand side would be —87TGa2Hij. In the absence
of anisotropic stress® (and assuming appropriate decay at infinity), we get®

d=1U. (4.2.136)

There is then only one gauge-invariant degree of freedom in the metric. In the following,
we will write all equations in terms of ®.

e Next, we consider the 00 equation, Goo = 8wG Tyo. Using eq. (4.2.131), we get
3H? +2V2® — 6HD' = 87G go, T

= 81G (9001 + goiT"0)
= 87Ga’(1 + 2®)(p + dp)

= 81Ga*p(1 + 28 +9) . (4.2.137)
The zeroth-order part gives
H? = ?cﬂﬁ : (4.2.138)

which is just the Friedmann equation. The first-order part of eq. (4.2.137) gives
V20 = 4nGa®pd + 87Ga’p® + 3HD' . (4.2.139)

which, on using eq. (4.2.138), reduces to

V20 = 47Ga’pd + 3H(P' + HD) | . (4.2.140)

e Moving on to 0i equation, Go; = 87G Tpy;, with
Toi = gouT"i = gooT % = GooT°; = —a’q; . (4.2.141)

It follows that
(P + H®) = —4nGa’q; . (4.2.142)

If we write ¢; = (p+ P)d;v and assume the perturbations decay at infinity, we can integrate
eq. (4.2.142) to get

'+ HP = —4rGa*(p+ P)v|. (4.2.143)

e Substituting eq. (4.2.143) into the 00 Einstein equation (4.2.140) gives

V20 = 4nGa’pA|,  where pA =pé—3H(p+ P)v . (4.2.144)

“4In reality, neutrinos develop anisotropic stress after neutrino decoupling (i-e. they do not behave like a perfect
fluid). Therefore, ® and ¥ actually differ from each other by about 10% in the time between neutrino decoupling
and matter-radiation equality. After the universe becomes matter-dominated, the neutrinos become unimportant,
and ® and ¥ rapidly approach each other. The same thing happens to photons after photon decoupling, but the
universe is then already matter-dominated, so they do not cause a significant & — ¥ difference.

®In Fourier space, eq. (4.2.135) becomes

(kikj — 16i;k%) (@ — V) =0.

For finite k, we therefore must have ® = V. For £k = 0, ® — ¥ = const. would be a solution. However, the constant
must be zero, since the mean of the perturbations vanishes.
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This is of the form of a Poisson equation, but with source density given by the gauge-
invariant variable A of eq. (4.2.87) since B = 0 in the Newtonian gauge. Let us introduce
comoving hypersurfaces as those that are orthogonal to the worldlines of a set of observers
comoving with the total matter (i.e. they see ¢' = 0) and are the constant-time hypersur-
faces in the comowving gauge for which ¢' = 0 and B; = 0. It follows that A is the fractional
overdensity in the comoving gauge and we see from eq. (4.2.144) that this is the source
term for the gravitational potential &.

e Finally, we consider the trace-part of the ij equation, i.e. G*; = 87GT";. We compute the
left-hand side from eq. (4.2.134) (with & = ¥),

Gy =g"Gy,
= g" Gy,
= —a"2(1 4 20)0% [~ (2H + H?)0pi + (20" + 6HE' + 4(2H + H*)®) 614
=302 [~ (2H +H?) + 2 (D" + 3HD + (2H + H*)D)] . (4.2.145)

We combine this with 7% = —3(P + §P). At zeroth order, we find
2H' +H? = —81Gd’P , (4.2.146)

which is just the second Friedmann equation. At first order, we get

" + 3HD + (2H + H*)® = 47Ga’sP . (4.2.147)

Of course, the Einstein equations and the energy and momentum conservation equations form
a redundant (but consistent!) set of equations because of the Bianchi identity. We can use
whichever subsets are most convenient for the particular problem at hand.

4.3 Conserved Curvature Perturbation

There is an important quantity that is conserved on super-Hubble scales for adiabatic fluctuations
irrespective of the equation of state of the matter: the comoving curvature perturbation. As we
will see below, the comoving curvature perturbation provides the essential link between the
fluctuations that we observe in the late-time universe (Chapter 5) and the primordial seed
fluctuations created by inflation (Chapter 6).

4.3.1 Comoving Curvature Perturbation

In some arbitrary gauge, let us work out the intrinsic curvature of surfaces of constant time.
The induced metric, ~y;;, on these surfaces is just the spatial part of eq. (4.2.41), i.e.

vij = a®[(1 +20)8;; + 2E;5] . (4.3.148)

where E;; = 0,;0;)F for scalar perturbations. In a tedious, but straightforward computation,
we derive the three-dimensional Ricci scalar associated with 5,

1
a® R(z) = —4V? (C - 3V2E> . (4.3.149)

In the following insert I show all the steps.
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Derivation.—The connection corresponding to «;; is
®rs, = %Vil (O3t + kit — Orvje) (4.3.150)
where 4% is the inverse of the induced metric,
Y9 =a"?[(1-2C)0" —2E7] =a"257 + O(1) . (4.3.151)

In order to compute the connection to first order, we actually only need the inverse metric to zeroth
order, since the spatial derivatives of the ;; are all first order in the perturbations. We have

(S)sz = 6“6j (C(Skl + Ekl) + 5il8k (C(Sjg + Ejl) — 6“81 (C(Sjk + Ejk)
= 20(;00)C — 6"0,10,C + 20 Ery’ — 6" 0, Ej. - (4.3.152)
The intrinsic curvature is the associated Ricci scalar, given by

Rioy =7 0ITY — 70,0, 1 4+ O, Orp, — 5 #Orp@r, (1.3.153)

km
To first order, this reduces to
a® Rz = %01}, — 69,1, . (4.3.154)
This involves two contractions of the connection. The first is
§REITL, = 6% (200,00 C — 671030;C ) + 6™ (203 Eny! — 610, By )
= 20M0,,C — 367'0,C + 20, E" — 6719, (6" Ey,)
————

0
= %9, C + 20, EF" . (4.3.155)

The second is

Gl =610,C +6l9,C — 0,C + QB! + 0, E' — QB!
=30,C . (4.3.156)

Eq. (4.3.154) therefore becomes
a® R(z) = 0y (—0"0,C + 20, EF') — 36 0,,0,C
= —V2C +20,0,E” — 3V*C
= —4V?C + 20,0,E" . (4.3.157)

Note that this vanishes for vector and tensor perturbations (as do all perturbed scalars) since then
C =0 and 8i8jEij = 0. For scalar perturbations, E;; = 0;0;yFE so

y . 1
0;,0;EV = 5“5]’”&-@ (858mE — 3517,,,V2E>

= V?V?E — éVQVQE

2
= 2v'E. (4.3.158)

Finally, we get eq. (4.3.149).

We define the curvature perturbation as C' — %V2E . The comoving curvature perturbation R
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is the curvature perturbation evaluated in the comoving gauge (B; = 0 = ¢'). It will prove
convenient to have a gauge-invariant expression for R, so that we can evaluate it from the
perturbations in any gauge (for example, in Newtonian gauge). Since B and v vanish in the
comoving gauge, we can always add linear combinations of these to C' — %VQE to form a gauge-
invariant combination that equals R. Using eqgs. (4.2.58)—(4.2.60) and (4.2.85), we see that the
correct gauge-invariant expression for the comoving curvature perturbation is

1
R=C— gv2E+’H(B+v) . (4.3.159)

Ezxercise—Show that R is gauge-invariant.

4.3.2 A Conservation Law

We now want to prove that the comoving curvature perturbation R is indeed conserved on large
scales and for adiabatic perturbations. We shall do so by working in the Newtonian gauge, in

which case
R=—-P+Hv, (4.3.160)

since B=FE =0 and C = —®. We can use the 0i Einstein equation (4.2.143) to eliminate the
peculiar velocity in favour of the gravitational potential and its time derivative:

H(P + HO)

R=—¢_ "2 Tt
4nGa?(p+ P)

(4.3.161)

Taking a time derivative of (4.3.161) and using the evolution equations of the previous section,
we find

_ P’
—4rGad*(p+ P)R = 47rGa2’H6Pnad+”H?V2<I> , (4.3.162)

where we have defined the non-adiabatic pressure perturbation

Pl
p

Derivation.*—We differentiate eq. (4.3.161) to find

—4rGa*(p+ P)R' = 4nGa*(p+ P)®' + H'(®' + H®) + H(D" + H'® + HP')

P/
+ HA(D + HD) + 3%2?@' +HP) , (4.3.164)
where we used p’ = —3H(p + P). This needs to be cleaned up a bit. In the first term on the right,

we use the Friedmann equation to write 47Ga?(p + P) as H? — H'. In the last term, we use the
Poisson equation (4.2.140) to write 3H(®’' + H®) as (V2® — 4rGa?ps). We then find

—ArGa*(p+ P)R' = (H* —H)® + H (D' + H®) + H (D" + H'® + HP)

p/
+ H* (D + HP) + H? (V2@ — 4nGa®ps) . (4.3.165)




99 4. Cosmological Perturbation Theory

Adding and subtracting 47Ga?H P on the right-hand side and simplifying gives
—4nGa®(p+ P)R' = H[®" +3HD + 2N + H*)® — 4nGa’0P]
P/
+ 47Ga*H 6 Poaa + HFV% , (4.3.166)

where 6 Pyaq was defined in (4.3.163). The first term on the right-hand side vanishes by eq. (4.2.147),
so we obtain eq. (4.3.162).

Ezercise.—Show that § P,,q is gauge-invariant.

The non-adiabatic pressure 6 P,,q vanishes for a barotropic equation of state, P = P(p) (and,
more generally, for adiabatic fluctuations in a mixture of barotropic fluids). In that case, the
right-hand side of eq. (4.3.162) scales as Hk*® ~ Hk?R, so that

dlnR k2
T ™ <H> . (4.3.167)

Hence, we find that R doesn’t evolve on super-Hubble scales, k& < H. This means that the value
of R that we will compute at horizon crossing during inflation (Chapter 6) survives unaltered

until later times.

4.4 Summary
We have derived the linearised evolution equations for scalar perturbations in Newtonian gauge,
where the metric has the following form

ds® = a*(7) [(1 +20)dr? — (1 — 2®)4;;dz’da’ ]| . (4.4.168)

In these lectures, we won’t encounter situations where anisotropic stress plays a significant role,
so we will always be able to set ¥ = .

e The Einstein equations then are

V20 - 3H(D' +HD) = 4nGa’dp , (4.4.169)
' +HP = —4nGa*(p+ P, (4.4.170)
"+ 3HP + 2H +H)® = 47Ga*iP . (4.4.171)

The source terms on the right-hand side should be interpreted as the sum over all relevant
matter components (e.g. photons, dark matter, baryons, etc.). The Poisson equation takes
a particularly simple form if we introduce the comoving gauge density contrast

V20 = 4rGa’p A . (4.4.172)

e From the conservation of the stress-tensor, we derived the relativistic generalisations of
the continuity equation and the Euler equation

& + 31 <5P—P>5 = —<1+P) (V-v -39, (4.4.173)
ép P p
, 1 P’ VP
e = ——— -Vo. 4.4.174
v+37—[<3 o) P v (4.4.174)
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These equations apply for the total matter and velocity, and also separately for any non-
interacting components so that the individual stress-energy tensors are separately con-
served.

e A very important quantity is the comoving curvature perturbation

H(P + HD)

R=—®&— )
47Ga?(p + P)

(4.4.175)
We have shown that R doesn’t evolve on super-Hubble scales, k < H, unless non-adiabatic
pressure is significant. This fact is crucial for relating late-time observables, such as the
distributions of galaxies (Chapter 5), to the initial conditions from inflation (Chapter 6).



Structure Formation

In the previous chapter, we derived the evolution equations for all matter and metric perturba-
tions. In principle, we could now solve these equations. The complex interactions between the
different species (see fig. 5.1) means that we get a large number of coupled differential equations.
This set of equations is easy to solve numerically and this is what is usually done. However, our
goal in this chapter is to obtain some analytical insights into the basic qualitative features of
the solutions.

- O
=
o

Thomson
Scattering

Figure 5.1: Interactions between the different forms of matter in the universe.

5.1 Initial Conditions

Any mode of interest for observations today was outside the Hubble radius if we go back suffi-
ciently far into the past. Inflation sets the initial condition for these superhorizon modes. The
prediction from inflation (see Ch. 6) is presented most conveniently in terms of a spectrum of
fluctuations for the curvature perturbation R. Eq. (4.4.175) relates this to the gravitational
potential ® in Newtonian gauge

R:—@—&;Lw<i+®>, (5.1.1)

where w is the equation of state of the background. For adiabatic perturbations, we have

¢ ~ w and a combination of Einstein equations imply a closed form evolution equation for the

gravitational potential

O +3(1 + w)HO' + wk*® =0|. (5.1.2)

101
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Notice that in deriving (5.1.2) we have assumed a constant equation of state. It therefore only
applies if a single component dominates the universe. For the more general case, you should
consult (4.4.171).

FEzercise.—Derive eq. (5.1.2) from the Einstein equations.

5.1.1 Superhorizon Limit

On superhorizon scales, k < H, we can drop the last term in (5.1.2). The growing-mode solution
then is
o = const. (superhorizon) . (5.1.3)

Notice that this superhorizon solution is independent of the equation of state w (as long as
w = const.). In particular, the gravitational potential is frozen outside the horizon during both
the radiation and matter eras.

The Poisson equation (4.4.169) relates the gravitational potential to the total Newtonian-gauge

density contrast
2 k? 2
d=—Z®— =3 - 20 5.1.4
372273 ; (5.1.4)
where we have used %7—[2 = 41Ga?p. On superhorizon scales, only the decaying mode contributes
to ®'. The first and second term in (5.1.4) then are of the same order and both are much smaller

than the third term. We therefore get
0~ —2® = const. , (5.1.5)

so ¢ is also frozen on superhorizon scales. For adiabatic initial conditions, we can relate the
primordial potential ® to the fluctuations in both the matter and the radiation:

3 3
6m - Z(Sr ~ _§®RD ; (516)

where we have used that J, ~ ¢ for adiabatic perturbations during the radiation era. On
superhorizon scales, the density perturbations are therefore simply proportional to the curvature
perturbation set up by inflation.

5.1.2 Radiation-to-Matter Transition

We have seen that the gravitational potential is frozen on superhorizon scales as long as the
equation of state of the background is constant. However, unlike the curvature perturbation R,
the gravitational doesn’t stay constant when the equation of state changes. To follow the
evolution of ® through the radiation-to-matter transition, we exploit the conservation of R.

In the superhorizon limit, the comoving curvature perturbation (4.4.175) becomes

5+3
=-3 1 35 ¢ (superhorizon) . (5.1.7)

This provides an important link between the source term for the evolution of fluctuations (®)
and the primordial initial conditions set up by inflation (R). Evaluating (5.1.7) for w = % and
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w = 0 relates the amplitudes of ® during the radiation era and the matter eta

3 ) 9
R = —§¢RD = _§(I)MD = Pyp = Eq)RD ) (5.1.8)

where we have used that R = const. throughout. We see that the gravitational potential
decreases by a factor of 9/10 in the transition from radiation-dominated to matter-dominated.

5.2 Evolution of Fluctuations

We wish to understand what happens to the superhorizon initial conditions, when modes enter
the horizon. We will first study the evolution of the gravitational potential (§5.2.1), and then
the perturbations in radiation (§5.2.2), matter (§5.2.3) and baryons (§5.2.4).

5.2.1 Gravitational Potential

To determine the evolution of ® during both the radiation era and the matter era, we simply
have to specialise (5.1.2) to w = % and w = 0, respectively.

Radiation Era

In the radiation era, w = %, we get

" 4 / kz
"4+ -+ -2 =0. (5.2.9)
T 3
This equation has the following exact solution
Jilx ni(x 1

where the subscript k indicates that the solution can have different amplitudes for each value
of k. The size of the initial fluctuations as a function of wavenumber will be a prediction of
inflation. The functions ji(z) and ni(z) in (5.2.10) are the spherical Bessel and Neumann

functions
, sinx cosz 3
cosx sinx 1
_ _ ——— 40N . 5.2.12
mz) =-S5 -2~ 400" (5:2.12)

Since ni(x) blows up for small = (early times), we reject that solution on the basis of initial
conditions, i.e. we set B = 0. We match the constant Ay to the primordial value of the
potential, 5, (0) = —2R(0). Using (5.2.11), we find

(all scales) . (5.2.13)

(1) = —2Ry(0) (Smfﬁ—m>

3

Notice that (5.2.13) is valid on all scales. Outside the (sound) horizon, z = k7 < 1, the

V3
solution approaches ® = const., while on subhorizon scales, r >> 1, we get
1
cos (—==kT
By (1) ~ —6Rk(0)((]€‘/§2) (subhorizon) . (5.2.14)
T

During the radiation era, subhorizon modes of ® therefore oscillate with frequency %k and an

2

amplitude that decays as 772 oc a2 (see fig. 5.2). Remember this.
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Matter Era

In the matter era, w = 0, the evolution of the potential is

" + §<I>’ =0,
T
whose solution is
const.
P x
775  a/2

(5.2.15)

(5.2.16)

We conclude that the gravitational potential is frozen on all scales during matter domination.

Summary

Fig. 5.2 shows the evolution of the gravitational potential for difference wavelengths. As pre-

dicted, the potential is constant when the modes are outside the horizon. Two of the modes enter

the horizon during the radiation era. While they are inside the horizon during the radiation

era their amplitudes decrease as a~2. The resulting amplitudes in the matter era are therefore

strongly suppressed. During the matter era the potential is constant on all scales. The longest

wavelength mode in the figure enters the horizon during the matter era, so its amplitude is only

suppressed by the factor of % coming from the radiation-to-matter transition.

Qeq
1.0 k < keq
0.6
k32 @
04 |- ke = keq
0.2
k> keq
0.0
ool vl vl B vl vl vl i
0% 10° 107* 107 107 107"

a

Figure 5.2: Numerical solutions for the linear evolution of the gravitational potential.

5.2.2 Radiation

In this section, we wish to determine the evolution of perturbations in the radiation density.

Radiation Era

In the radiation era, perturbations in the radiation density dominate (for adiabatic initial con-

ditions). Given the solution (5.2.13) for ® during the radiation era, we therefore immediately
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obtain a solution for the density contrast of radiation (4, or A,) via the Poisson equation

2
5 = —g(k:T)Q‘I) — 279 — 20 | (5.2.17)
2
A, = —g(m)?cb : (5.2.18)
We see that while d, is constant outside the horizon, A, grows as 72 o a?. Inside the horizon,"
2 1
or ~ Ay = —=(k7)?® = 4R(0) cos (m) , 5.2.19
3 (k7 = AR(0) cos {2 (5.2.19)
which is the solution to
1
57— gvzar =0 |. (5.2.20)

We see that subhorizon fluctuations in the radiation density oscillate with constant amplitude
around 9, = 0.
Matter Era

In the matter era, radiation perturbations are subdominant. Their evolution then has to be
determined from the conservation equations. On subhorizon scales, we have

4
5 — §V26r = §V2<I> = const. (5.2.21)

This is the equation of motion of a harmonic oscillator with constant driving force. During the
matter era, the subhorizon fluctuations in the radiation density therefore oscillate with constant
amplitude around a shifted equilibrium point, §, = —4®;, (k). Here, @ (k) is the k-dependent
amplitude of the gravitational potential in the matter era; cf. fig. 5.2.

Summary

The acoustic oscillations in the perturbed radiation density are what gives rise to the peaks in
the spectrum of CMB anisotropies (see fig. 6.5 in §6.6.2) This will be analysed in much more
detail in the Advanced Cosmology course next term.

5.2.3 Dark Matter
In this section, we are interested in the evolution of matter fluctuations from early times (during
the radiation era) until late times (when dark energy starts to dominate).

Early Times

At early times, the universe was dominated by a mixture of radiation (r) and pressureless
matter (m). For now, we ignore baryons (but see §5.2.4). The conformal Hubble parameter is

HEO2, (11 a
e = 60 <y+y2>’ y=-L (5.2.22)

13We see that well inside the horizon, the density perturbations in the comoving and Newtonian gauge coincide.
This is indicative of the general result that there are no gauge ambiguities inside the horizon.
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We wish to determine how matter fluctuations evolve on subhorizon scales from the radiation
era until the matter era. We consider the evolution equations for the matter density contrast
and velocity:
(C) b=V v
Sl +HSL, = V2D . (5.2.23)
(E) v, =-Hv, -V

In general, the potential ® is sourced by the total density fluctuation. However, we have seen
that perturbations in the radiation density oscillate rapidly on small scales. The time-averaged
gravitational potential is therefore only sourced by the matter fluctuations, and the fluctuations
in the radiation can be neglected (see Weinberg, astro-ph/0207375 for further discussion). The
evolution of the matter perturbations then satisfies

8!+ ML, — 4rGa’pbm = 0, (5.2.24)

where H given by (5.2.22). On Problem Set 3, you will show that this equation can be written
as the Mészdros equation

d*5, 243y doy, 3
- 6m =01, 5.2.25
dy?  2y(14+y) dy  2y(1+vy) ( )

You will also be asked to show that the solutions to this equation take the form

24 3y

(24 3y)In (\ﬁ%ﬁji) —6y1+y .

In the limit y < 1 (RD), the growing mode solution is ¢, x Iny o Ina, confirming the

O X

logarithmic growth of matter fluctuations in the radiation era. In the limit y > 1 (MD),
we reproduce the expected solution in the matter era: d,, o< y o« a. Table 5.1 summarises

the analytical limits for the evolution of the potential ® and the matter density contrasts 0,
and A,,.

RD MD
o Om (Ap) o Om (Am)
k> keq: superhorizon  const. const. (a?) - -
subhorizon a2 Ina const. a
k < keq: superhorizon  const. const. (a?) const.  const. (a)
subhorizon - - const. a

Table 5.1: Analytical limits of the solutions for the potential ® and the matter density contrasts d,, and Ay,
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Intermediate Times
The solution in the matter era also follows directly from the solution (5.2.16) for the gravitational

potential, which determines the comoving density contrast

V2 a

Ay = ——5—
" 4AnGa?p > a—3/2

(5.2.26)

just as in the Newtonian treatment [cf. eq. (4.1.30)], but now valid on all scales. Notice that the
growing mode of A,, grows as a outside the horizon, while ¢,, is constant. Inside the horizon,
O0m ~ A, and the density contrasts in both gauges evolve as a.

Late Times

At late times, the universe is a mixture of pressureless matter (m) and dark energy (A). Since
dark energy doesn’t have fluctuations, we still have

V20 = 41Ga’pm A - (5.2.27)
Pressure fluctuations are negligible, so the Einstein equations give
" + 3HD + (2H +H)D =0 . (5.2.28)

To get an evolution equation for A,,, we use a neat trick. Since ap,, o a~!, we have ® x A,,/a.
Hence, eq. (5.2.28) implies

O2(Ap/a) + 3HO (A /a) + (2H +H*) (A /a) =0, (5.2.29)

which rearranges to
A" L HA + (H —HPA,, =0. (5.2.30)

Ezercise—Show that (5.2.30) follows from (5.2.29). Use the Friedmann and conservation equations
to show that
H — H? = —47Ga*(p+ P) = —41Ga*p,, . (5.2.31)

Using (5.2.31), eq. (5.2.30) becomes

A"+ HA! — 4rGa’pp Ay = 0] . (5.2.32)

This is the conformal-time version of the Newtonian equation (4.1.36), but now valid on all
scales. So we recover the usual suppression of the growth of structure by A, but now on all
scales (see also Problem Set 3).

Summary

Fig. 5.3 shows the evolution of the matter density contrast d,, for the same modes as in fig. 5.2.
Fluctuations are frozen until they enter the horizon. Subhorizon matter fluctuations in the
radiation era only grow logarithmically, §,, o Ina. This changes to power-law growth, §,, < a
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Qeq
1 k> keq
10!
k= keq
1072
k3/25m
1073 - k < keq
104/
1075
T S 1T T I 1 1 T O I T A B N W AT R B W R 1]

107 107" 107* 107* 1072 107!
a

Figure 5.3: Evolution of the matter density contrast for the same modes as in fig. 5.2.

when the universe becomes matter dominated. When the universe becomes dominated by dark
energy, perturbations stop growing.

The effects we discussed above lead to a post-processing of the primordial perturbations. This
evolution is often encoded in the so-called transfer function. For example, the value of the matter
perturbation at redshift z is related to the primordial perturbation Ry by

Api(2) =Tk, 2) Ry, - (5.2.33)

The transfer function T'(k, z) depends only on the magnitude k£ and not on the direction of k,
because the perturbations are evolving on a homogeneous and isotropic background. The square
of the Fourier mode (5.2.33) defines that matter power spectrum

Pa(k, 2) = |Apr(2)]? = T?(k, 2) [Ri)? (5.2.34)

Fig. 5.4 shows predicted matter power spectrum for scale-invariant initial conditions, k3|Ry|? =
const. (see Chapter 6).

T AL T AL T L T T
large scales small scales A

104

103 A .......Ir " Lol n L1
1073 1072 1071

k

Figure 5.4: The matter power spectrum Pa (k) at z = 0 in linear theory (solid) and with non-linear correc-
tions (dashed). On large scales, Pa (k) grows as k. The power spectrum turns over around keq ~ 0.01 Mpc™?!
corresponding to the horizon size at matter-radiation equality. Beyond the peak, the power falls as k3.
Visible are small amplitude baryon acoustic oscillations in the spectrum.
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Ezercise—Explain the asymptotic scalings of the matter power spectrum

ko k<keq
Pa(k) = . (5.2.35)
k3 k> keg

5.2.4 Baryons*

Let us say a few (non-examinable!) words about the evolution of baryons.

Before Decoupling

At early times, z > zge. &~ 1100, photons and baryons are coupled strongly to each other via
Compton scattering. We can therefore treat the photons and baryons a single fluid, with v, = v,
and 0, = %51,. The pressure of the photons supports oscillations on small scales (see fig. 5.5).
Since the dark matter density contrast é. grows like a after matter-radiation equality, it follows
that just after decoupling, 6. > J,. Subsequently, the baryons fall into the potential wells
sourced mainly by the dark matter and d;, — . as we shall now show.

L ) L B 1) 34 231 B 1

108 k=0.01Mpc™*

I

10% -
baryons 3
" ]
g 10 ¢ 4
= E
+ -
< 3
° ]
- ~
= photons
+ 1 & -
= =
& E T LELRERLL] T Ty Ty T T |
F P 3
£ 10'g k=10Mpc 4
2 E 3
g 3
5} e -
g 0
102 3 CDM .
10 baryons 4
1E 4
107 F .
E photons 3
10?2k

107 107° 10* 107® 1072 107!
(14271

Figure 5.5: Evolution of photons, baryons and dark matter.

After Decoupling

After decoupling, the baryons lose the pressure support of the photons and gravitational insta-
bility kicks in. Ignoring baryon pressure, the coupled dynamics of the baryon fluid and the dark



110 5. Structure Formation

matter fluid after decoupling is approximately given by

o) 4+ Ho, = 4wGa®(pydy + pede) (5.2.36)
8!+ ML = 4w Ga®(pydy + pede) - (5.2.37)

The two equations are coupled via the gravitational potential which is sourced by the total
density contrast pp,,0m = ppdp + pede. We can decouple these equations by defining D = dp — 9.
Subtracting egs. (5.2.36) and (5.2.37), we find

2 const.
D'"+-D'=0 = Dx , (5.2.38)
T 1
while the evolution of §,, is governed
1! 2 ! 6 T2
Ot =0 = 50m =0 = Gnox o (5.2.39)

Since 5 =5 D
% _ PmOm + pe NI (5.2.40)
¢ pm(sm — ppD om

we see that 0, approaches . during matter domination (see fig. 5.2).

The non-zero initial value of §;, at decoupling, and, more importantly §;, leaves a small imprint
in the late-time d,, that oscillates with scale. These baryon acoustic oscillations have recently
been detected in the clustering of galaxies.



Initial Conditions from Inflation

Arguably, the most important consequence of inflation is the fact that it includes a natural
mechanism to produce primordial seeds for all of the large-scale structures we see around us.
The reason why inflation inevitably produces fluctuations is simple: as we have seen in Chapter 2,
the evolution of the inflaton field ¢(t) governs the energy density of the early universe p(t) and
hence controls the end of inflation. Essentially, the field ¢ plays the role of a local “clock”
reading off the amount of inflationary expansion still to occur. By the uncertainty principle,
arbitrarily precise timing is not possible in quantum mechanics. Instead, quantum-mechanical
clocks necessarily have some variance, so the inflaton will have spatially varying fluctuations
§o(t,x) = ¢(t,x) — ¢(t). There will hence be local differences in the time when inflation ends,
dt(x), so that different regions of space inflate by different amounts. These differences in the

= ¢

i
end

inflation reheating

Figure 6.1: Quantum fluctuations §¢(t, ) around the classical background evolution ¢(t). Regions acquir-
ing a negative fluctuations 6¢ remain potential-dominated longer than regions with positive §¢. Different
parts of the universe therefore undergo slightly different evolutions. After inflation, this induces density
fluctuations dp(t, x).

local expansion histories lead to differences in the local densities after inflation, dp(¢, ), and
ultimately in the CMB temperature, §7'(x). The main purpose of this chapter is to compute this
effect. It is worth remarking that the theory wasn’t engineered to produce the CMB fluctuations,
but their origin is instead a natural consequence of treating inflation quantum mechanically.

6.1 From Quantum to Classical

Before we get into the details, let me describe the big picture. At early times, all modes of
interest were inside the horizon during inflation (see fig. 6.2). On small scales fluctuations in the
inflaton field are described by a collection of harmonic oscillators. Quantum fluctuations induce
a non-zero variance in the amplitudes of these oscillators

([60x]%) = (0l|6¢1[|0) - (6.1.1)

111
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The inflationary expansion stretches these fluctuations to superhorizon scales. (In comoving
coordinates, the fluctuations have constant wavelengths, but the Hubble radius shrinks, creating

super-Hubble fluctuations in the process.)

comoving
scales
A o
N | classical stochastic field | . (at)
N < i , ’
S .,
N (Re[?) R ~ const. e
subhorizon s M7F superhorizon LOAT Cy
o & k,—l
s e z
2 : N ,
Gson) | -
t a i i
quantum : N e
fluctuations AN 7
" N 4
b
- — n : ' » time
horizon reheating horizon CMB  today
exit re-entry
switch from §¢ to R here compute evolution from now on|

Figure 6.2: Curvature perturbations during and after inflation: The comoving horizon (aH)~! shrinks
during inflation and grows in the subsequent FRW evolution. This implies that comoving scales k—1 exit
the horizon at early times and re-enter the horizon at late times. While the curvature perturbations R are
outside of the horizon they don’t evolve, so our computation for the correlation function {|Ry|?) at horizon
exit during inflation can be related directly to observables at late times.

At horizon crossing, k = aH, it is convenient to switch from inflaton fluctuations d¢ to
fluctuations in the conserved curvature perturbations R. The relationship between R and d¢ is

simplest in spatially flat gauge :

tensor, cf. eq. (4.2.76),
6T°; = —(p+ P)9;(B +v) .

Substituting (6.1.6) into (6.1.3) we obtain (6.1.2).

H
R = —g 0p (6.1.2)
d¢ — R.—From the gauge-invariant definition of R, eq. (4.3.159), we get
1 spatia a
R=C = V2E+H(B+v) patially 190 9(B + v) . (6.1.3)

We recall that the combination B 4+ v appeared in the off-diagonal component of the perturbed stress

(6.1.4)

We compare this to the first-order perturbation of the stress tensor of a scalar field, cf. eq. (2.3.26),

Y
(STOJ, — goltau¢8j(5¢ — *0080¢8j5¢ = %8](5¢ s (615)
to get
0¢
B—H}:—E. (6.1.6)
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The variance of curvature perturbations therefore is

H\ 2
(i) = () tenl (6.1.7)
where d¢ are the inflaton fluctuations in spatially flat gauge.

Outside the horizon, the quantum nature of the field disappears and the quantum expectation
value can be identified with the ensemble average of a classical stochastic field. The conservation
of R on superhorizon scales then allows us to relate predictions made at horizon exit (high
energies) to the observables after horizon re-entry (low energies). These times are separated
by a time interval in which the physics is very uncertain. Not even the equations governing
perturbations are well-known. The only reason that we are able to connect late-time observables
to inflationary theories is the fact that the wavelengths of the perturbations of interest were
outside the horizon during the period from well before the end of inflation until the relatively
near present. After horizon re-entry the fluctuations evolve in a computable way.

The rest of this chapter will develop this beautiful story in more detail: In §6.2, we show that
inflaton fluctuations in the subhorizon limit can be described as a collection of simple harmonic
oscillators. In §6.3, we therefore review the canonical quantisation of a simple harmonic oscillator
in quantum mechanics. In particular, we compute the variance of the oscillator amplitude
induced by zero-point fluctuations in the ground state. In §6.4, we apply the same techniques
to the quantisation of inflaton fluctuations in the inflationary quasi-de Sitter background. In
§6.5, we relate this result to the power spectrum of primordial curvature perturbations. We
also derive the spectrum of gravitational waves predicted by inflation. Finally, we discuss how
late-time observations probe the inflationary initial conditions.

6.2 Classical Oscillators

We first wish to show that the dynamics of inflaton fluctuations on small scales is described by
a collection of harmonic oscillators.

6.2.1 Mukhanov-Sasaki Equation

It will be useful to start from the inflaton action (see Problem Set 2)

S = /d7d3x V—g ngauqsam - V(o) , (6.2.8)

where g = det(gu,). To study the linearised dynamics, we need the action at quadratic order
in fluctuations. In spatially flat gauge, the metric perturbations dggp and dgg; are suppressed
relative to the inflaton fluctuations by factors of the slow-roll parameter €. This means that
at leading order in the slow-roll expansion, we can ignore the fluctuations in the spacetime
geometry and perturb the inflaton field independently. (In a general gauge, we would have to
study to coupled dynamics of inflaton and metric perturbations.)

Evaluating (6.2.8) for the unperturbed FRW metric, we find

S = /deBx Baz ((¢")* = (V9)?) —a*V(9)| - (6.2.9)
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It is convenient to write the perturbed inflaton field as

o S
(@) = 8(r) + 75

To get the linearised equation of motion for f(7,x), we need to expand the action (6.2.9) to

(6.2.10)

second order in the fluctuations:

e Collecting all terms with single powers of the field f, we have
s — /drd?’x [a&’f’ —dd f - a3Vj¢f} : (6.2.11)

where V4 denotes the derivative of V' with respect to ¢. Integrating the first term by parts
(and dropping the boundary term), we find

s = —/de3x [&(ad;') +d'¢ + a%@,}f ,
—_ /drd%a[qﬁ” +2HG + 0V, S (6.2.12)

Requiring that S = 0, for all f, gives the Klein-Gordon equation for the background
field,
¢" +2He' +a*Vy=0. (6.2.13)

e Isolating all terms with two factors of f, we get the quadratic action
1
g2 _ 5 / drd3z [(f’)2 — (V)2 =2Hff + (H? — a* Vi) fﬂ . (6.2.14)
Integrating the ff’ = 2(f?)’ term by parts, gives
1 .
s =2 / drd’e |(f)2 = (V)2 + (H +H2 = Vi) 1] |
1 3 2 2 a” 2 2
= 2/d7‘d T |:(f/) —(Vf)*+ <a —-a V7¢¢> f :| . (6.2.15)
During slow-roll inflation, we have

Vs 3Mp21V,¢¢

~ =3 < 1. 2.1
Since o' = a?H, with H ~ const., we also have
"
L~ 2/H =2a2H? > 0V . (6.2.17)
a
Hence, we can drop the Vg4 term in (6.2.15),
1 al/
S~ / drdz 3 [( 2= (V)2 + - fQ] . (6.2.18)

Applying the Euler-Lagrange equation to (6.2.18) gives the Mukhanov-Sasaki equation

f”v2fc;ﬁf:0, (6.2.19)

or, for each Fourier mode,

. (6.2.20)

"
,;’+<k2 = )fk_()

a
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6.2.2 Subhorizon Limit

On subhorizon scales, k? > a” /a ~ 2H?, the Mukhanov-Sasaki equation reduces to
Rk 0. (6.2.21)

We see that each Fourier mode satisfies the equation of motion of a simple harmonic oscillator,
with frequency wi = k. Quantum zero-point fluctuations of these oscillators provide the origin
of structure in the universe.

6.3 Quantum Oscillators

Our aim is to quantise the field f following the standard methods of quantum field theory.
However, before we do this, let us study a slightly simpler problem!: the quantum mechanics
of a one-dimensional harmonic oscillator. The oscillator has coordinate ¢, mass m = 1 and

quadratic potential V(q) = %quQ. The action therefore is

Sla] = ;/dt [(12 - quQ} , (6.3.22)

and the equation of motion is § + w?q = 0. The conjugate momentum is

oL .
p= Eri q - (6.3.23)

6.3.1 Canonical Quantisation

Let me now remind you how to quantise the harmonic oscillator: First, we promote the classical
variables ¢, p to quantum operators ¢, p and impose the canonical commutation relation (CCR)

in units where i = 1. The equation of motion implies that the commutator holds at all times
if imposed at some initial time. Note that we are in the Heisenberg picture where operators
vary in time while states are time-independent. The operator solution ¢(t) is determined by two
initial conditions ¢(0) and p(0) = 9:G(0). Since the evolution equation is linear, the solution is
linear in these operators. It is convenient to trade ¢(0) and p(0) for a single time-independent
non-Hermitian operator a, in terms of which the solution can be written as

q(t) =q(t)a+q*(t)a’, (IT)

where the (complex) mode function ¢(t) satisfies the classical equation of motion, G+w?q = 0. Of
course, ¢*(t) is the complex conjugate of ¢(t) and a' is the Hermitian conjugate of a. Substituting
(IT) into (I), we get

Wig,q*] x [a,a] =1, (6.3.24)

where we have defined the Wronskian as

Wiqi,¢3] = —i (01045 — (Orq1)a3) - (6.3.25)

IThe reason it looks simpler is that it avoids distractions arising from Fourier labels, etc. The physics is exactly

the same.
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Without loss of generality, let us assume that the solution ¢ is chosen so that the real number
Wlq, ¢*] is positive. The function g can then be rescaled (¢ — Aq) such that

Wig, g =1, (I11)

and hence
[a,aT] =1 . (IV)

Eq. (IV) is the standard commutation relation for the raising and lowering operators of the
harmonic oscillator. The vacuum state |0) is annihilated by the operator a

a0y =0. (V)

In) = ——(a")"0). (6.3.26)

These states are eigenstates of the number operator N = afa with eigenvalue n, i.e.

N|n) = n|n). (6.3.27)

6.3.2 Choice of Vacuum

At this point, we have only imposed the normalisation W]g, ¢*] = 1 on the mode functions. A
change in ¢(t) could be accompanied by a change in a that keeps the solution ¢(¢) unchanged.
Via eq. (V), each such solution corresponds to a different vacuum state. However, a special
choice of ¢(t) is selected if we require that the vacuum state |0) be the ground state of the
Hamiltonian. To see this, consider the Hamiltonian for general ¢(t),

B 1, 1 5.
H = §p2+§w2q2 (6.3.28)
Ir,. L « Ata . Aat | Ata
= 3 (®+ 2 Paa + (¢® + *A)*atal + (1§ + w?q?) (aat + aTa)] .
Using @|0) = 0 and [a,a'] = 1, we can determine how the Hamiltonian operator acts on the

vacuuin state 1 1
H0) = (¢* +w?q®)" ala’(0) + - (|4 + w?|al*)|0) - (6.3.29)

We want |0) to be an eigenstate of H. For this to be the case, the first term in (6.3.29) must
vanish, which implies
G = +iwg . (6.3.30)

For such a function ¢, the norm is
Wlg,q"] = F 2wlq|? , (6.3.31)
and positivity of the normalisation condition W /g, ¢*] > 0 selects the minus sign in (6.3.30)

q = —iwq = q(t) oc e™ ™1t (6.3.32)
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Asking the vacuum state to be the ground state of the Hamiltonian has therefore selected the

positive-frequency solution e~ (rather than the negative-frequency solution e™™?). Imposing

the normalisation W{q, ¢*] = 1, we get

q(t) = —e W, (6.3.33)

With this choice of mode function, the Hamiltonian takes the familiar form
A ~ 1
H = hw (N + 2> . (6.3.34)

We see that the vacuum |0) is the state of minimum energy %hw If any function other than
(6.3.33) is chosen to expand the position operator, then the state annihilated by a is not the
ground state of the oscillator.

6.3.3 Zero-Point Fluctuations

The expectation value of the position operator ¢ in the ground state |0) vanishes
(@) = (0|q]0)
1
= G *(t)al
(Olg(t)a + q*(t)a'|0)
= 0, (6.3.35)

because @ annihilates [0) when acting on it from the left, and ' annihilates (0] when acting on
it from the right. However, the expectation value of the square of the position operator receives
finite zero-point fluctuations

(14> = (0lg'ql0)
— Ol(gat + @) ad + g°a)I0)
= lq(1)]*(0laat|0)
= |q(t)[*(0l[a, a']|0)
= |q(®)?. (6.3.36)

Hence, we find that the variance of the amplitude of the quantum oscillator is given by the

square of the mode function
h
A12 2
(1) = la)P = 5

To make the quantum nature of the result manifest, we have reinstated Planck’s constant h.

(VI)

This is all we need to know about quantum mechanics in order to compute the fluctuation
spectrum created by inflation.
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6.4 Quantum Fluctuations in de Sitter Space

Let us return to the quadratic action (6.2.18) for the inflaton fluctuation f = ad¢. The momen-
tum conjugate to f is

_oL
W:a—f/—f : (6.4.37)

We perform the canonical quantisation just like in the case of the harmonic oscillator.

6.4.1 Canonical Quantisation

We promote the fields f(r,x) and 7(r,2) to quantum operators f(r,x) and #(r,2). The
operators satisfy the equal time CCR

[f(r,x), 7(r,@")] = i6(x — ') |. ()

This is the field theory equivalent of eq. (I). The delta function is a signature of locality: modes
at different points in space are independent and the corresponding operators therefore commute.
In Fourier space, we find

R d3 d3 / . ) o
[fk(T)’ g (T)] = / (27_(_;;/2 / (27_[_;;/2 [f(Tv :1:)7 7%(7—7 :12/)] e k@ ik @
i6(x — )
d3$ . ’
— —i(k+k')-x
_; / T

=id(k+K), (1"

where the delta function implies that modes with different wavelengths commute. Eq. (I”)
is the same as (I), but for each independent Fourier mode. The generalisation of the mode
expansion (II) is

fe(m) = fu(P)ay, + fi(r)al, |, (IT)

where ay, is a time-independent operator, a}; is its Hermitian conjugate, and f(7) and its complex

conjugate f;(7) are two linearly independent solutions of the Mukhanov-Sasaki equation

Y wi(T) fe =0, where wi(7) = k* — “ (6.4.38)

a

As indicated by dropping the vector notation k on the subscript, the mode functions, f(7) and
f#(7), are the same for all Fourier modes with k = |k|.2
Substituting (IT') into (I”), we get

Wty fi] x la,,al,] = 6(k + k'), (6.4.39)

where W{f,, fi] is the Wronskian (6.3.25) of the mode functions. As before, cf. (III), we can
choose to normalize fi such that
Wife fil=1. (11T

2Since the frequency wr (7) depends only on k = |k|, the evolution does not depend on direction. The constant
operators @, and d}; define initial conditions which may depend on direction.
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Eq. (6.4.39) then becomes

@y )] = 0k + k) | (V')

which is the same as (IV), but for each Fourier mode.

As before, the operators &L and a, may be interpreted as creation and annihilation operators,
respectively. Asin (V), the quantum states in the Hilbert space are constructed by defining the
vacuum state |0) via

and by producing excited states by repeated application of creation operators

’mklvnkw T > = W [(azl)m(a;@)” s ’0> . (6440)

6.4.2 Choice of Vacuum

As before, we still need to fix the mode function in order to define the vacuum state. Although
for general time-dependent backgrounds this procedure can be ambiguous, for inflation there is
a preferred choice. To motivate the inflationary vacuum state, let us go back to fig. 6.2. We
see that at sufficiently early times (large negative conformal time 7) all modes of cosmological
interest were deep inside the horizon, k/H ~ |k7| > 1. This means that in the remote past all
observable modes had time-independent frequencies

wi =k - — k-5 T2k (6.4.41)
and the Mukhanov-Sasaki equation reduces to
L+ k2 f. ~0. (6.4.42)

But this is just the equation for a free field in Minkowkski space, whose two independent so-
+ikT

lutions are fi o e . As we have seen above, only the positive frequency mode f; oc e 7
corresponds to the ‘minimal excitation state’, cf. eq. (6.3.33). We will choose this mode to define
the inflationary vacuum state. In practice, this means solving the Mukhanov-Sasaki equation

with the (Minkowski) initial condition

lim fi(r) = e kT (6.4.43)

T——00

5~
ol

This defines a preferable set of mode functions and a unique physical vacuum, the Bunch-Davies
vacuum.

For slow-roll inflation, it will be sufficient to study the Mukhanov-Sasaki equation in de Sitter

space®

2
e <k‘2 - 72> fe=0. (6.4.44)

This has an exact solution

fi(T) =« e\/ﬂ (1 - k:) + 8 f/;; <1 + é) . (6.4.45)

3See Problem Set 4 for a slightly more accurate treatment.
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where a and  are constants that are fixed by the initial conditions. In fact, the initial condition
(6.4.43) fixes 5 =0, a = 1, and, hence, the mode function is

Ju(m) = e\/;; (1 - k;) : (6.4.46)

Since the mode function is completely fixed, the future evolution of the mode including its

superhorizon dynamics is determined.

6.4.3 Zero-Point Fluctuations

Finally, we can predict the quantum statistics of the operator

~ 3 .
flr,x) = /(2(71)];/2 [fk(T)dk + f];k(T)CL}; ke (6.4.47)

As before, the expectation value of f vanishes, i.e. ( f> = 0. However, the variance of inflaton
fluctuations receive non-zero quantum fluctuations

(If1%) = (01f7(7,0) f(r,0)|0)

3 31/ 1 I
= [ v | oy OIUEEL+ )i (Gir)i + firr)al, ) 0)

3 31./
:/(2(71()];/2/(;)12/2 S () fier (7) <0H&k,&2,]\0>

3
- / (‘;T’;; ()2

3
= /dlnk %\fk(f)ﬁ : (6.4.48)

We define the (dimensionless) power spectrum as

AQ — k3 2 !
k1) = g ()P vr)

As in (VI), the square of the classical solution determines the variance of quantum fluctuations.
Using (6.4.46), we find

2 —2A42 H 2 k 2 superhorizon H 2

We will use the approximation that the power spectrum at horizon crossing is*

s~ ()

4Computing the power spectrum at a specific instant (horizon crossing, aH = k) implicitly extends the result

(6.4.50)

k=aH

for the pure de Sitter background to a slowly time-evolving quasi-de Sitter space. Different modes exit the horizon
as slightly different times when aH has a different value. Evaluating the fluctuations at horizon crossing also has
the added benefit that the error we are making by ignoring the metric fluctuations in spatially flat gauge doesn’t
accumulate over time.
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6.4.4 Quantum-to-Classical Transition*

When do the fluctuations become classical? Consider the quantum operator (II') and its con-
jugate momentum operator

A 3 .

fra) = [ (;jr)’iﬂ[fk<f>ak+fz<f>az]ez’”, (6.4.51)
3 .

r @) = / (z‘jr)’;’ﬂ ()i + () ()l e (6.4.52)

In the superhorizon limit, k7 — 0, we have

1 /) 1 /)
fr(r) = — N and  fl(1) ~ N (6.4.53)
and hence

" i Bk 1 ,

— A~ ik-x
f(r,x) = s / (271_)3/2 137 [ak ak} e , (6.4.54)
R i Bk 1 . . 1.
w(r,x) = N / ek {ak — ak} et = —;f(T, x) . (6.4.55)

The two operators have become proportional to each other and therefore commute on super-
horizon scales. This is the signature of classical (rather than quantum) modes. After horizon
crossing, the inflaton fluctuation d¢ can therefore be viewed as a classical stochastic field and
we can identify the quantum expectation value with a classical ensemble average.

6.5 Primordial Perturbations from Inflation

6.5.1 Curvature Perturbations

At horizon crossing, we switch from the inflaton fluctuation §¢ to the conserved curvature
perturbation R. The power spectra of R and d¢ are related via eq. (6.1.7),

1A il
2 _ ¢ _ 2
AR = ?€M721 y where &= W . (6556)
p P
Substituting (6.4.50), we get
1 1H?
AR(k) = —-— 6.5.57
Pllk=aH
FEzercise.—Show that for slow-roll inflation, eq. (6.5.59) can be written as
1 V3
2 _
AR = 122 ME(V7)2 |1 (6.5.58)

This expresses the amplitude of curvature perturbations in terms of the shape of the inflaton potential.
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Because the right-hand side of (6.5.59) is evaluated at k = aH, the power spectrum is purely
a function of k. If A%(k) is k-independent, then we call the spectrum scale-invariant. However,
since H and possibly ¢ are (slowly-varying) functions of time, we predict that the power spectrum
will deviate slightly from the scale-invariant form A% ~ kY. Near a reference scale k,, the k-
dependence of the spectrum takes a power-law form

A% (k) = A, (:*)nl : (6.5.59)

The measured amplitude of the scalar spectrum at k, = 0.05 Mpc~! is

Ag = (2.196 + 0.060) x 1077 . (6.5.60)

To quantify the deviation from scale-invariance we have introduced the scalar spectral index

_ dInA%
~ dlnk 7’

where the right-hand side is evaluated at k& = ki and ny = 1 corresponds to perfect scale-

(6.5.61)

Ng —

invariance. We can split (6.5.61) into two factors

dinA%  dlnA%  dN

dink AN dik (6:5.62)
The derivative with respect to e-folds is
In A2 In H 1
dndp _,dinf_ dlne (6.5.63)

dN dN dN

The first term is just —2¢ and the second term is —n (see Chapter 2). The second factor
in (6.5.62) is evaluated by recalling the horizon crossing condition k = aH, or

Ink=N+InH . (6.5.64)

Hence, we have

dN__ [dink]™" _ [ dinH
dink | dN B dN

To first order in the Hubble slow-roll parameters, we therefore find

—1
] ~1te. (6.5.65)

Ins—1=—2e—p]|. (6.5.66)

The parameter ng is an interesting probe of the inflationary dynamics. It measures deviations
from the perfect de Sitter limit: H, H, and H. Observations have recently detected the small
deviation from scale-invariance predicted by inflation

ngs = 0.9603 = 0.0073 . (6.5.67)

FEzxercise.—For slow-roll inflation, show that

V//
Nl

V\?
ns —1=—3M} () +2M

v (6.5.68)

This relates the value of the spectral index to the shape of the inflaton potential.
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6.5.2 Gravitational Waves

Arguably the cleanest prediction of inflation is a spectrum of primordial gravitational waves.
These are tensor perturbations to the spatial metric,

ds? = a®(7) |dr* — (6;5 + ZEij)d$idxj] : (6.5.69)

We won’t go through the details of the quantum production of tensor fluctuations during infla-
tion, but just sketch the logic which is identical to the scalar case (and even simpler).

Substituting (6.5.69) into the Einstein-Hilbert action and expanding to second order gives

M21 le . .
S = ;’/d‘*mﬁgR = s@ — 8p/d7d33:a2 [( ) = (VE;)?| . (6.5.70)
It is convenient to define
f+ f>< 0
M. A 1
TFAaEZ-j vl R (6.5.71)
0 0 0
so that . "
a
s =3 3 [aras [(ip - wnp+ L] (6572
I=+,%x

This is just two copies of the action (6.2.18) for f = ad¢, one for each polarization mode of
the gravitational wave, f x. The power spectrum of tensor modes A? can therefore be inferred
directly from our previous result for AZ,

2
2 _ 2 _ 2
Af=2x AL =2x (aMp1> x A% . (6.5.73)
Using (6.4.50), we get
2 H?
2 _
A7 (k) sNTE) (6.5.74)
Pllk=aH

This result is the most robust and model-independent prediction of inflation. Notice that the
tensor amplitude is a direct measure of the expansion rate H during inflation. This is in contrast
to the scalar amplitude which depends on both H and e.

The scale-dependence of the tensor spectrum is defined in analogy to (6.5.59) as

AZ(k) = Ay (k)n , (6.5.75)

ks
where n; is the tensor spectral index. Scale-invariance now corresponds to n; = 0. (The different
conventions for the scalar and tensor spectral indices are an unfortunate historical accident.) Of-
ten the amplitude of tensors is normalised with respect to the measured scalar amplitude (6.5.60),
i.e. one defines the tensor-to-scalar ratio

r

Ay
e (6.5.76)

Tensors have not been observed yet, so we only have an upper limit on their amplitude, » < 0.17.
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Ezercise.—Show that

r = 16¢e (6.5.77)
ng = —2¢ . (6.5.78)
Notice that this implies the consistency relation n; = —r/8.

Inflationary models can be classified according to their predictions for the parameters ng
and r. Fig. 6.3 shows the predictions of various slow-roll models as well as the latest constraints
from measurements of the Planck satellite.

0.25 T . T .
. =50 ‘
e ¢
0.20 N, =60 ® 1
o,
%%e o ¢'
® /3
0.15 @52 l
O R
r == small-field
0.10 large-field
0.05 |
0.00 ; :
0.94 0.98 1.00

Figure 6.3: Latest constraints on the scalar spectral index ns and the tensor amplitude r.

6.6 Observations

Inflation predicts nearly scale-invariant spectra of superhorizon scalar and tensor fluctuations.
Once these modes enter the horizon, they start to evolve according to the processes described in
Chapter 5. Since we understand the physics of the subhorizon evolution very well, we can use
late-time observations to learn about the initial conditions.

6.6.1 Matter Power Spectrum

In Chapter 5, we showed that subhorizon perturbations evolve differently in the radiation-
dominated and matter-dominated epochs. We have seen how this leads to a characteristic shape
of the matter power spectrum, cf. fig. 5.4. In fig. 6.4 we compare this prediction to the measured
matter povvelr.5

5 With the exception of gravitational lensing, we unfortunately never observe the dark matter directly. Instead
galaxy surveys like the Sloan Digital Sky Survey (SDSS) only probe luminous matter. On large scales, the density
contrast for galaxies, Ay, is simply proportional to density contrast for dark matter: Ay = bA,,, where the bias
parameter b is a constant. On small scales, the relationship isn’t as simple.
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Figure 6.4: Compilation of the latest measurements of the matter power spectrum.
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Figure 6.5: The latest measurements of the CMB angular power spectrum by the Planck satellite.

6.6.2 CMB Anisotropies

The temperature fluctuations in the cosmic microwave background are sourced predominantly
by scalar (density) fluctuations. Acoustic oscillations in the primordial plasma before recombi-
nation lead to a characteristic peak structure of the angular power spectrum of the CMB; see
fig. 6.5. The precise shape of the spectrum depends both on the initial conditions (through the
parameters Ay and ng) and the cosmological parameters (through parameters like Q,,, Qx, Q,
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etc.). Measurements of the angular power spectrum therefore reveal information both about the
geometry and composition of the universe and its initial conditions.

A major goal of current efforts in observational cosmology is to detect the tensor component
of the primordial fluctuations. Its amplitude depends on the energy scale of inflation and it is
therefore not predicted (i.e. it varies between models). While this makes the search for primordial
tensor modes difficult, it is also what makes it so exciting. Detecting tensors would reveal the
energy scale at which inflation occurred, providing an important clue about the physics driving
the inflationary expansion.

Most searches for tensors focus on the imprint that tensor modes leave in the polarisation of the
CMB. Polarisation is generated through the scattering of the anisotropic radiation field off the
free electrons just before recombination. The presence of a gravitational wave background creates
an anisotropic stretching of the spacetime which induces a special type of polarisation pattern:
the so-called B-mode pattern (a pattern whose “curl” doesn’t vanish). Such a pattern cannot be
created by scalar (density) fluctuations and is therefore a unique signature of primordial tensors
(gravitational waves). A large number of ground-based, balloon and satellite experiments are
currently searching for the B-mode signal predicted by inflation.
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7 Problem Sets

7.1 Problem Set 1: Geometry and Dynamics

Warmup Questions

(a) What is conformal time? Why is it useful?

(b) How do the energy densities in radiation (p, ), matter (p,,) and a cosmological constant (pp )
evolve with the scale factor a(t)?

(¢) What is a(t) for a flat universe dominated by radiation, matter or a cosmological constant?
(d) What is the redshift of matter-radiation equality if €2, = 9.4 x 107> and Q,,, = 0.32?

(e) What is H; ' in sec and in cm?

1. De Sitter Space

(a) Show in the context of expanding FRW models that if the combination p + 3P is always
positive, then there was a Big Bang singularity in the past. [Hint: A sketch of a(t) vs. ¢
may be helpful.]

(b) Derive the metric for a positively curved FRW model (k = +1) with only vacuum en-

ergy (P = —p):
ds? = dt? — (2 cosh?(t/¢) [de + sin? XdQ2] .

Does this model have an initial Big Bang singularity?

2. Friedmann Equation

Consider a universe with pressureless matter, a cosmological constant and spatial curvature.

(a) Show that the Friedmann equation can be written as the equation of motion of a particle
moving in one dimension with total energy zero and potential

Sketch V'(a) for the following cases: i) k =0, A <0, %) k = £1, A = 0, and 1) k = 0,
A > 0. Assuming that the universe “starts” with da/dt > 0 near a = 0, describe the
evolution in each case. Where applicable determine the maximal value of the scale factor.

128



129 7. Problem Sets

(b) Now consider the case k£ > 0, A = 0. Normalise the scale factor to be unity today (ag = 1)
to find that k = HZ(Qmo — 1). Rewrite the Friedmann equation in conformal time and
confirm that the following is a solution

a(t) = Q(QS:Z’O_D [1 — cos(\/%r)] .

Integrate to obtain the proper time

Q
J— _1 m70 :
t(’T) = HO W |:\/ET — Sln(\/ET)] .
Show that the universe collapses to a ‘Big Crunch’ at tzc = WHo_lﬂm,o(Qmo — 1)_3/2.

How many times can a photon circle this universe before tg?

3. Flatness Problem

Consider an FRW model dominated by a perfect fluid with pressure P = wp, for w = const.
Define the time-dependent density parameter

where peit(t) = 3H?/87G. Show that

a2
dlna

= (1+3w)QQ—1) .

Discuss the evolution of Q(a).

4. Einstein’s Biggest Blunder

(a) Show that for a physically reasonable perfect fluid (i.e. density > 0 and pressure > 0)
there is no static isotropic homogeneous solution to Einstein’s equations.

(b) Show that it is possible to obtain a static zero-pressure solution by the introduction of a
cosmological constant A such that

A= 47TGpm,0 .

However, show that this solution is unstable to small perturbations.

5. Accelerating Universe

Consider flat FRW models (k = 0) with pressure-free matter (P = 0) and a non-zero cosmological
constant A # 0, that is, with Q,, 04+ Q0 = 1.

(a) Age of the universe.—Show that the normalised solution (ag = 1) for Q0 # 0 can be

written as 1/3
. Qm70 . 3 1/2 2/3
a(t) = (1_%)> (Slnh |:§H0(1 - Qm,o) t]) .
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Verify that a(t) has the expected limits at early times, Hyot < 1, and at late times, Hot > 1.
Hence show that the age of the universe ¢y in these models is

to = 3H5 " (1= Qo)™ sinh ™ [(1/2m0 = DV2]
and roughly sketch this as a function of €2, o.

A-domination and acceleration—Show that the energy density of the universe becomes
dominated by the cosmological constant term at the following redshift

1— Qo) ?
tra={"q., )
m,0

but that it begins accelerating earlier at 1+ zp = 2%(1 + zp).

Causal structure and future.—Show that the furthest object with which we can communi-
cate is today at a physical distance

/1 Hy'dw
0 V1= Qmo+ Qmord

Argue that this implies the existence of a future event horizon (for all Q,,9 < 1). By
integrating back in time, show that the redshift 1 4 z.}, of these objects can be found by
equating

Izen dz /1 dz
1 \/1 — Qm70 + Qm70$3 B 0 \/1 — Qm70 + Qm,0$3 '

For the ‘concordance’” model (2,0 = 0.3 and Qp = 0.7) we find ze, ~ 1.8 and so the
many galaxies and quasars observed beyond this will be forever inaccessible. What caveats
might affect this conclusion?
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7.2 Problem Set 2: Inflation and Thermal History

Warmup Questions

(a) What is the horizon problem? How does inflation solve it?

(b) What are the conditions for successful slow-roll inflation?
Describe g.(T') given the particle content of the Standard Model.

(c
(

Why is today’s photon temperature larger than that of neutrinos?

)
)
)
d) Why does the neutrino temperature scale as T}, oc a~! after decoupling?
e)
)

f) Why is the recombination temperature much lower than the ionization energy of hydrogen?

(
(
1. Scalar Field Dynamics

The Lagrangian for a scalar field in a curved spacetime is
1 17
L=+/—-g 59” @Ld)&,gb - V(Qb) )
where g = det(g,,) is the determinant of the metric tensor.

(a) Evaluate the Lagrangian for a homogeneous field ¢ = ¢(t) in an FRW spacetime. From
the Euler-Lagrange equation determine the equation of motion for the scalar field.

(b) Near the minimum of the inflaton potential, we can write V(¢) = 2m2¢* 4 ---. Making
the ansatz ¢(t) = a=3/2(t)x(t), show that the equation of motion becomes
3.9
. 2 2
“CH-ZH?)xy=0.
X + <m 5 1 ) X

Assuming that m? > H? ~ H, find ¢(t). What does this result imply for the evolution of
the energy density during the oscillating phase after inflation?

2. Slow-Roll Inflation

The equations of motion of the homogeneous part of the inflaton are
. i , oo 1.y
op+3Hop+V =0, 3MyH :§¢> +V.

(a) For the potential V(¢) = $m?¢?, use the slow-roll approximation to obtain the inflationary
solutions

2 ¢ — °(t)
o(t) = o1 — \/gmMplt ; a(t) = ayexp [I4‘MI§1 .
where ¢r > 0 is the field value at the start of inflation (¢; = 0).

(b) What is the value of ¢ when inflation ends? Find an expression for the number of e-folds.

If V(¢r) ~ Mél, estimate the total number of e-folds of inflation.
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3. Chemical Potential for Electrons

(a)

(b)

Show that the difference between the number densities of electrons and positrons in the
relativistic limit (m, < T') is

3 3
ne—nem 0 L2 () + ()]

where pi, is the chemical potential.

/Oody v
0 V+1 12

The electrical neutrality of the universe implies that the number of protons n, is equal to

Hint: You may use that

Ne — M. Use this to estimate p. /7.

4. Neutrinos

(a)

Massive neutrinos:

Assume that one neutrino species has a non-zero mass m, which is much smaller than the
neutrino decoupling temperature Ty.. ~ 1 MeV, so that they are relativistic when they
decouple. Compute the temperature of the neutrinos relative to the cosmic microwave
photons and hence estimate their number density. From their assumed mass m,,, show
that the density the neutrinos contribute in the universe corresponds to

my

94eV -’

QO h% ~

FExtra neutrino species:

Suppose that there was a fourth generation of active neutrinos in addition to ve, v,
and v,. (This possibility is excluded by the Z lifetime, but you should still be able to
do the problem.) Compute g, prior to ete™ annihilation, and g, after ete™ annihilation.
What is the final neutron abundance in this case? What will this do to the final ‘He
abundance?

5. Relic Baryon Density

Consider massive particles and antiparticles with mass m and number densities n(m,t) and

n(m,t). If they interact with cross-section o at velocity v, explain why the evolution of n(m,t)

is described by

on a _
5 = _3571 —nn{ov) + P(t) ,

and identify the physical significance of each of the terms appearing in this equation.

(a)

By considering the evolution of the antiparticles, show that

3

(n —n)a’ = const.
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(b) Assuming initial particle-antiparticle symmetry, show that

1 d(na?’) B 9 9
I

where neq denotes the equilibrium number density.

(c) Define Y = n/T? and x = m/T, and show that

dY Ao s
&= Y
where A\ = m?(ov)/H(T =m). If X is constant, show that at late times Y approaches a

value given by

Yo = %f :
where xf is the freeze-out time. Explain the dependence of Yy, on (ov) and sketch the
schematic evolution of Y versus z for both a strongly and a weakly interacting population
of annihilating particles and antiparticles. If there was a speed-up in the expansion rate of
the universe caused by the addition of extra low-mass neutrino species what would happen
to the abundance of surviving massive particles and why?

Now apply this to proton-antiproton annihilation. You may use that (ov) ~ 100 GeV 2.
(d) Show that Ty ~ 20 MeV.

(e) Show that B
L
Ny Ny
How does this compare with observational data? What do you conclude about the abun-
dances of protons and antiprotons in the early universe?

6. Primordial Nucleosynthesis

(a) Write down an expression which shows the explicit dependence of the nucleon decoupling
temperature Ty (and so the neutron-proton ratio X,/X,) on the number of relativistic
species gy.

(b) Discuss the effect of the following suppositions on the production of *He during primordial
nucleosynthesis:
1. The baryon density today is larger than we estimate.
2. The weak interaction constant G is smaller at nucleosynthesis than it is today.
3. Newton’s constant G is larger than supposed.
4

. The neutron-proton mass difference was slightly larger than supposed.
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7.3 Problem Set 3: Structure Formation

Warmup Questions

(a) How do density perturbations in a pressureless fluid grow (i) in a static space
and (ii) in an expanding space?

(b) What is the gauge problem?
(c) What are adiabatic fluctuations?
(d) Explain the Mészaros effect.

(e) Explain the relevance of the conservation of the comoving curvature perturbation R
on superhorizon scales.

1. Newtonian Structure Formation

Consider the equations of fluid dynamics in the presence of a gravitational potential:

continuity % + V., (pu) =0,
0 1
Euler (71; e Vi)ut VP4 Vb =0,

Poisson V20 = 47Gp .
(a) Show that the homogeneous expanding universe corresponds to the following solution

_ ﬁ(to) _ a = 47TG,
t) = = - b= —pr .
=5 w=gr v 5T

(b) Consider linear perturbations about the homogeneous solution. Show that the density
perturbations satisfy

.. . . 2 2
54+2%+ [C]; - 47@3] 5=0, (%)
a a

where § = 6p/p and ¢ = 6P/dp.

(c) How does (%) have to be modified in order to describe the evolution of dark matter per-
turbations in our universe? Find the solutions to this new equation (i) during radiation
domination, (ii) during matter domination, and (iii) during dark energy domination.

[Hint: First explain why you may ignore perturbations in the radiation and the dark
energy.|
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2. Curvature Perturbations

(a) Show that the quantity
1 o
(=C--VE-Hn2
3 p
is gauge-invariant.
(b) Give physical interpretations of ¢ in the uniform-density gauge, in which surfaces of con-
stant time have constant density, and in the zero-curvature gauge, in which surfaces of

constant time have vanishing intrinsic curvature R®).

(¢) By evaluating the difference between ¢ and the comoving-gauge curvature perturbation, R,
in the Newtonian gauge, show that on super-Hubble scales they differ by terms O(k?/H?)R
and hence are approximately equal. [Hint: use the 00 and 0: Einstein equations.]

3. Cosmological Gravitational Waves
(a) The line element of a FRW metric with tensor (gravitational wave) perturbations is
ds® = a®(7) |dr? — (6;; + ZEij)dxidxj ,

where Fj;; is symmetric, trace-free and transverse. Working to linear order in Ej;;, show
that the non-zero connection coefficients are

F80 - H 9

F% = H(Sij + 2Hh;j + E;] ,
D e i
}O—Hcsé-‘—l—E; 3 |
;‘k = 8jhlk + 8kEZj — 51’81Ejk .

(b) Show that the perturbation to the Einstein tensor has non-zero components
6Gij = B — VEyj + 2Hhj; — 2E;;(2H + H?) .
[Hint: Convince yourself that the Ricci scalar has no tensor perturbations at first order.]

(c) Show further that for tensor perturbations, the non-zero perturbations to the energy-
momentum tensor are
(5Tij = QQQPEij — a2flij y
where ﬂij is the anisotropic stress tensor.

(d) Combine these results, and the zeroth-order Friedmann equation, to show that the per-
turbed Einstein equation reduces to

EA'Z/; + QHEA;]- — VQEij = —87rGa2fLL-j .

(e) For the case where VQEU = —k?E;; (i.e. a Fourier mode of the metric perturbation), and
assuming the anisotropic stress can be ignored, show that

b o kt cos(kt) — sin(kT)
" (kT)3

is a solution for a matter-dominated universe (a o 72).
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(f) Show that the solution tends to a constant for k&7 < 1 and argue that such a constant
solution always exists for super-Hubble gravitational waves irrespective of the equation
of state of the matter. For the specifc solution above, show that well inside the Hubble
radius it oscillates at (comoving) frequency k and with an amplitude that falls as 1/a. (This
behaviour is also general and follows from a WKB solution of the Einstein equation.)

4. Growth of Matter Perturbations |: Early Times

At early times, the universe was dominated by radiation () and pressureless matter (m). You
may ignore baryons.

(a) Show that the conformal Hubble parameter satisfies
H3OZ (11
2_10"m 24—
(At (y i 92) ’

where y = a/aeq is the ratio of the scale factor to its value when the energy density of the
matter and radiation are equal.

(b) Describe qualitatively the behaviour of the Newtonian-gauge fractional density perturba-
tions d, and 4, for a scalar perturbation at scale k, with adiabatic initial conditions, that
re-enters the Hubble radius well before aeq.

(c¢) For perturbations on scales much smaller than the Hubble radius, the fluctuations in the
radiation can be neglected. Assuming that ® evolves on a Hubble timescale, show that

S0+ MG, — 4rGa’pmdm ~ 0 . (%)

(d) Show that, in terms of the variable y, eq. (x) becomes

d?6,m, 243y dom 3 5 —0
dy?  2y(l+y) dy  2y(1+y) "

Hence verify that the solutions are

2+ 3y

(24 3y)In (ﬁ%) —6y/1+y

Determine how 6, grows with y for y < 1 (RD) and y > 1 (MD).

Om X
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5. Growth of Matter Perturbations |l: Late Times

At late times, the universe is dominated by pressureless matter (m) and dark energy (A). As-
suming that the dark energy doesn’t cluster, the gravitational potential is only sourced by the

matter.

(a) Use the Einstein equations to show that the comoving-gauge matter density contrast,
Ay = 6 — 3Hvy,, evolves as

A"+ HA! — 4rGa’pp Ay =0 .

(b) Show that u = A,,,/H satisfies
d*u dln(aH) du
W d da =

Confirm that the decaying mode is A,, oc H, while the growing mode can be written as

Am(xH/l d~a .
. (@)

(c) What are the growing and decaying modes of A,, in the matter-dominated era? What is
the asymptotic limit (e — +00) of the growing mode solution in the dark energy-dominated
era?
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7.4 Problem Set 4: Initial Conditions from Inflation

1. Mukhanov-Sasaki

In the lectures, we ignored metric fluctuations in deriving the dynamics of the inflaton fluctu-
ations f = ad¢ (in spatially flat gauge). If we had included the metric fluctuations, we would

have found Y
z
M+(W—Z>n=0,

(a) Show that at first order in the slow-roll parameters,

where 22 = 2q2¢.

1 1
aH=—-—(1+¢) and S 4
T
where y5%+5+%7y.
(b) Show that the Bunch-Davies solution is

ﬁ

(=2 HD (k)

fr(r) =

where Hl(,l) is a Hankel function of the first kind. You may use that

1i H(12 \/7 :F’Lk’T Fig (V+ ) )
k‘rimoo \/—kT €

(c) Derive the power spectrum of curvature perturbations on superhorizon scales
Np = 5A
You may use that
o= 0 ()
(d) Show that the scale-dependence of the scalar spectrum is

_ dlnA%
dlnk

Write the answer in terms of the potential slow-roll parameters €, and 7.

nNg —

= —2—n.

2. The Higgs as the Inflaton?

The LHC has recently discovered a Higgs-like scalar particle. It is tempting to ask if the Higgs
field could have been the scalar field that drove inflation.

(a) Let the potential of the Higgs boson be
V() =A(¢? —v?)” |

where v = 246 GeV. Sketch the potential and indicate the regions where slow-roll inflation
might occur. Compute the slow-roll parameters e, = 2]\/[ 2 (V//V)? and 7, = MglV” JV.
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(b)
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First, consider the region 0 < ¢ < v.

Sketch €y (¢) and 7y (¢) between ¢ = 0 and ¢ = v. Is there a region in which both slow-roll
conditions can be satisfied simultaneously?

Now, look at the regime ¢ > v.

Show that ey(¢) and 7y(¢) become independent of v. For what field values does infla-
tion occur? Determine the field values at the end of inflation (¢g) and N, ~ 60 e-folds
before (¢, ). [You may assume that ¢, > ¢p.]

Compute the amplitude of the power spectrum of scalar fluctuations at ¢,. Express your
answer in terms of N, and the Higgs boson mass mg.

Estimate the value of my required to match the observed scalar amplitude A2 = 2 x 1079,
Compare this to the announced mass of the Higgs boson, my = 125 GeV.

Recently, a new version of Higgs inflation has been proposed. Its key ingredient is a
non-minimal coupling of the Higgs to gravity. The starting point is the following action

M2 A 2
S = /d4x¢?g [;lf(@RJr %(8@2 - 4¢4] ,  where f(¢)=1 +£% -
pl

For ¢ = 0, this corresponds to the analysis in part (c¢). Now we want to study & > 1.
It is convenient to define g, = f(¢)gu, so that the action becomes that of a standard
slow-roll model

M?
SRRt 007 - v(@)| |

S—/d4x\/j§

with potential
V(®) ML) 1-2 2 ¢
~ —2exp | =/ s+
18?2 P 3 My,

Perform a slow-roll analysis of this potential in the limit ® > My:

P
) , where = —In(f(9)) .

pl

e Show that the slow-roll parameters are

4 3
=3 e V2B My an .

e Show that the scalar spectral index is

2
nszl_ﬁa
*

and the tensor-to-scalar ratio is 19

How do these predictions compare to the Planck data?

r

e By considering the amplitude of scalar fluctuations, determine the required value of
the non-minimal coupling £ for A = O(1).
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3. Tensors and the Lyth Bound

(a)

(b)

Show that the tensor-to-scalar ratio predicted by slow-roll inflation is

_ A 8¢?

A MAHES

Show that the inflaton field travels a “distance” A¢ = |pr — ¢,| during (observable)

inflation
A¢ N [
My 60\ 0.002°

where N, is the total number of e-folds between the time when the CMB scales exited
the horizon and the end of inflation. [You may assume that ¢ ~ const. during inflation)]

Comment on the implication of this result for observable gravitational waves. [Realistically,
we require r > 0.001 to have a fighting chance of detecting gravitational waves via CMB
polarisation.]

Derive the following relationship between the energy scale of inflation, V/4, and the

32 1/4
V4 = <;T TAS> M, .

Use Ay = 2.5 x 1079 to determine V'/4 for r = 0.01. How does that compare to the energy
scales probed by the LHC?

tensor-to-scalar ratio,
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8.1 Solutions 1

1. De Sitter Space

(a) A Singularity Theorem

You should recognize the combination p + 3P from the second Friedmann equation,

a 4rG

We see that if p+ 3P > 0 then a < 0 at all times. We want to show that this implies that
a(t) started from zero at some point in the past. We will prove this graphically.

=0
i<0

i |
T

t; to

\/
~

Figure 8.1: The reason why a universe with & < 0 must have a Big Bang singularity at some point. The
dashed line corresponds to the special case G = 0. The solid line is a generic universe with a < 0 always,
which has the same a and a as the reference universe at t = tg.

Pick some fiducial time ¢t = to (which for our universe may be the present time). We
specify two conditions on the scale factor at that time

a(to) =1, (8.1.2)
a(to) = Ho . (8.1.3)

We assume that the universe is expanding at tg, i.e. Hy > 0. We now want to use (8.1.1)
to evolve the universe back in time. Consider first the special case @ = 0. The solution
is a(t) = 1+ Ho(t — tg). We show this as the dashed line in fig. 8.1. This solution has a
singularity at ¢; = to — H, 1. Now, let us compare the special case & = 0 to solutions with
d < 0. Any solution with @ < 0 has the same tangent at ¢y, but smaller a(t) at t < ty.

141
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The solid line in fig. 8.1 shows an example. Any solution with d < 0 for all ¢ < ¢g therefore
also has to have a singularity. The time of the singularity is bounded by t; > to — H, L

Notice that this singularity theorem assumed the FRW solution. The singularity theorem
by Hawking and Penrose is more general but much more complicated to prove.
Closed De Sitter Solution

A universe without matter, but a positive cosmological constant, A > 0, is called de Sitter
space. This seems to be a good approximation for the asymptotic past and future of our
universe. In this question, you will find the de Sitter solution for positively curved spatial
slices, k = +1. The FRW metric is

ds? = dt* — a®(t) [dx* +sin? x dQ?] . (8.1.4)

To find a(t), we consult the Friedmann equation

L\ 2
a A1

where A = 81tGpp = const. This can be written as

) [a? /3
a=\l73— 1, where (= A (8.1.6)

We can integrate this by defining a new variable, x = a//, in terms of which the Friedmann
equation becomes

22 —1. (8.1.7)

Using the handy integral
dx
——  —cosh 'z, 8.1.8
/ Vi1 (8.18)

we find

a(t) = fcosh (t _Et*) , (8.1.9)

where t, is a constant of integration. We are free to shift the origin of the time coordinate,
which allows us to set t, = 0 and recover the desired solution,

a(t) = Lcosh(t/0) . (8.1.10)

This solutions collapses from infinity, reaches a non-zero minimum at ¢ = 0 and then
expands symmetrically back out to infinity: see fig. 8.2. As a result, it has no Big Bang
singularity. This is consistent with the first part of the question since p + 3P is negative
for the case of a pure cosmological constant.

2. Friedmann Equation

(a)

The Universe as a Point Particle

The equation of motion for a particle with unit mass, moving in one dimension, subject

to a potential V(z), is
dv
T+ —=0. 8.1.11
T+ dr ( )
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Figure 8.2: Evolution of the scale factor for the three different slicings of de Sitter space.

The first integral of motion gives the conservation of energy

1
§:t2 + V(z) = E = const. (8.1.12)

On the other hand, the Friedmann equation for a universe with matter, cosmological

constant and spatial curvature is

a2 871G [ pmo k
—_ = — : - — . 8.1.13
a? 3 ( as + pA) a? ( )
We can write this as 1
4> +V(a)=0, (8.1.14)

2

where
drG pmo kA 4
T mo 2,

3 a 2 6
Comparing (8.1.14) to (8.1.12), we confirm that the evolution of the scale factor is indeed

V(a) = — with A =8rGp, . (8.1.15)

analogous to evolution of the position of a particle with zero total energy. Since the kinetic
energy is always positive, the zero energy condition means that we can only access regions
with V(a) < 0. We are told to start the evolution near a = 0 with a > 0.

e k=0and A <0
Fig. 8.3 shows a plot of the potential V' (a) for the case k = 0, A < 0 (a flat slicing of
anti-de Sitter space). The potential is negative near a = 0 and positive for a — oo.

The critical point at which the potential vanishes is

877Gpm0 18
max — : . 1.1
oo = () (8110

The universe can only access the region a < amax. At Gmax, we have @ = 0 and the
“particle” must turn around. The universe ends in a Big Crunch.

e k=+land A=0
This is similar to the last case (see fig. 8.4): we have a turning point at

81G
Amax = 3 Pm,0 - (8117)

The universe ends in a big crunch.
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amax

Figure 8.3: Effective potential for k =0 and A < 0.

V(a)

A

0

\4
s

amax

Figure 8.4: Effective potential for k = 4+1 and A = 0.

e k=—land A=0
Now the potential is everywhere negative (se fig. 8.5), i.e. V(a) < 0 for all a, so the
expansion can continue indefinitely. At early times the matter dominates so we have
the usual a ~ t2/3 expansion. Once the universe has expanded to a > 871G pm.0/3
the curvature term instead takes over and we have V(a) — —31 giving a(t) — t at
late times. This curvature-dominated universe is called the Milne universe and is
historically important, having been a contender for the future of our Universe before
we discovered that A > 0 and k ~ 0.
V(a)

A

0

Y
Q

Figure 8.5: Effective potential for k = —1 and A = 0.

e k=0and A >0
Again the potential is negative everywhere (see fig. 8.6), so the expansion can continue
forever. At early times the matter term dominates the potential and a(t) ~ t2/3.
Eventually the matter dilutes away and the cosmological constant dominates, leading
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to exponential expansion, a(t) ~ exp(y/A/3t). If dark energy is a cosmological
constant, our universe will asymptote to this solution in the future.

V(a)

A

0

\4
s

Figure 8.6: Effective potential for k =0 and A > 0.

(b) Photons in a Closed Universe

For A = 0, we can write the Friedmann equation as

- — . (8.1.18)
Evaluating this at ag = 1, we get k = H3 (2,0 — 1). To find an analytic solution for the
scale factor it is convenient to use conformal time, d7 = dt/a. We can write (8.1.18) as
(a')* = H3Qmoa — ka? | (8.1.19)
where ' = d/dr. This integrates to something nasty which you are not expected to know

for the exam, because this is a physics course. So we’ll use some clever substitutions to
get a more familiar integral. First, we define a = 22, so that (8.1.19) becomes

1 k
(x/>2 = ZHng,O (1 - I_IQQOSCQ) . (8.1.20)
0%ém,
This can be written as
1 Vk
W)= k-9, y= T etk (8.1.21)

We are interested in the case k > 0 (note that one can’t simultaneously define k = +1
and normalize the scale factor to unity today, so we’ll leave k as some positive number).
However, this works just as well for & < 0; there’s nothing wrong, in principle, with having
y be imaginary, as long as we get a real answer for the scale factor in the end.
Anyway, using the integral
d
S arcsiny , (8.1.22)
1—192
we find 1
arcsiny = 5\/ET +C. (8.1.23)

Imposing the boundary condition that there should be a Big Bang (a = 0) at t = 7 = 0,
we find C' = 0 and hence, throwing all the definitions back in, we get
H2Q,, 1
a(r) = 200 gy (@T)
k 2
Qm 0

= m (1 - cos(ﬁT)) , (8.1.24)
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where in the last line we have replaced k/ Hg with €, 0 — 1.

Next, we can convert conformal to cosmic time

/Otdfz/OTa(%)d%

= 2(95::;,0_ 0 \}E (\/ET - sin(\/ET)>

_ O, :
= Hy IW—OU?’/Q <\/%T - sm(\/ET)> , (8.1.25)

so that we get a parametric solution for the scale factor as a function of cosmic time t:

a(r) = 2((3”’20_1) (1 - cos(\/ET)) (8.1.26)

Q0
tr) = Hy' oo (VT = sin(vir) ). 8.1.27

( ) 0 2(Qm,0 _ 1)3/2 ( ) ( )
Notice that although these were derived for £ > 0, they actually give the correct result
in the limit & — 0 where you get a x 72 x t2/3 (as expected for a matter-dominated
universe). As mentioned before, this derivation is also appropriate for k < 0.

The Big Crunch a(7sc) = 0 happens when VE7sc = 2, corresponding to
Hotse = 7m.0(Qmo — 1) /2. (8.1.28)

When k£ > 0 the topology of this universe is actually that of a 3-sphere, which becomes
more apparent if we make the coordinate substitution v/Ar = sin x. This puts the metric
in the form

ds? = a?(7) [d# — %(df + sin® y (d6? + sin® 6d¢?) )] : (8.1.29)

The spatial part of the metric is simply that of a 3-sphere with radius 1/vk, so r was
a hidden periodic variable: shoot a photon up, wait long enough and it will come back
around from the bottom — if the universe hasn’t collapsed by then. Let’s find out if
it does. To construct a path that circles the universe, do so by analogy to the 2-sphere
(recalling that ¢ is longitude and @ is latitude). One such path is the equator, which ranges
from ¢ = 0 to 27 at = w/2 — that is, you're going all the way around (¢ from 0 to 27)
the largest constant-6 circle on the sphere (6 = 7/2). The analogous path on the 3-sphere
is clearly the same with y = 7/2, to maximize the sin? y term in the metric. A photon
circling the universe on this trajectory has ds? = 0 so its path takes, in conformal time,

2
Ar = % : (8.1.30)

which as we saw before is just 7zc, so the number of times the photon can circle the
universe before the Big Crunch is exactly once,

TBC

_Teo g 1.31
n= (8.1.31)
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3. Flatness Problem

We start with the Friedmann equation

H*=—"—"p——. 8.1.32
5P 3 ( )
Dividing both sides by H?, we get
k 8tGp p
1=Q— h 0= = . 8.1.33
am e 3% Do (8:1:35)

We consider the derivative

w0 _ (), b
dlna da a?H?2

_ad (k
adt \ a2

_a—2k
Ca a’
2k a
We use the second Friedmann equation
7 A7 G 1
& T £ 3P) = — (1 + 3w)QH? (8.1.35)
a 3 2
to write this as
dQ k
Using (8.1.33), we get
df2
Tna — (14+3w)QQ—-1)]. (8.1.37)

Clearly, 2 =1 is a solution, but it turns out to be an unstable solution unless 1+ 3w < 0. You
can see this easily by perturbing the density parameter

Q) =1+¢(t) (8.1.38)

with ¢ < 1. At linear order in ¢, eq. (8.1.37) becomes

de
= (1 .
Tna (14 3w)e , (8.1.39)
with solution
a 1+3w
gla) =¢; <w> . (8.1.40)

If 1+ 3w > 0 (e.g. matter or radiation) then the perturbation grows as the universe expands,
a clear sign of an instability. On the other hand, if 1 4+ 3w < 0 (e.g. a cosmological constant
of a potential-dominated scalar field) then the perturbation goes to zero and the flat solution
is stable. The interpretation is clear: if the univere was dominated by sources with 1 4+ 3w > 0
throughout its history then, to explain the fact that €y ~ 1 today we would have to assume
that Q(a;) was extremely close to unity in the early universe.
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4. Einstein’s Biggest Blunder

(a)

No Static Universe with Ordinary Matter

A static universe, a = const., requires @ = & = 0 at all times. However, a universe
dominated by matter with p > 0 and P > 0 (i.e. pretty much any type of matter you're

familiar with), satisfies,
a e

Since the rhs is non-zero, this excludes static solutions (even if we had @ = 0 at some
moment in time). This should make sense: normal matter has attractive gravity, so each
fluid element will attract each other element, causing the universe to decelerate. To find
a static solution would literally be like dropping a ball in the air and having it stay
put.(The analogy is exact: notice the similarity between the acceleration equation and the
Newtonian force law, and between the first Friedmann equation and the conservation of

energy. )

Einstein’s Static Universe is Unstable

If, due to our philosophical prejudices, we really want a static solution, we need to introduce
an additional fluid with p + 3P < 0 which has repulsive gravity, to counter the attraction
of the ordinary matter. A cosmological constant (p+ P = 0) is just such a component. In
this case, the Friedmann equations become, setting P = 0 for the matter,

Ny

a 8t Ak
- =—pmt—-—=, .1.42
<a> 3 M3 (8.1.42)

a A7 G A
—=———pmt+ = 8.1.43
" 5 Pmt g ( )
Requiring ¢ = 0 yields

A =47Gpy, (8.1.44)

i.e. we can find a solution with ¢ = 0 in a dust-filled universe if the cosmological constant
is exactly tuned to match the matter density in this way.

Finally, we need to check that our solution can have @ = 0 as well. With (8.1.44), the
Friedmann equation becomes
L\ 2
a k
<> =A- — (8.1.45)

which tells us that the static universe needs to be positively curved (k > 0).

We conclude that adding in a positive cosmological constant does allow an otherwise
matter-only universe to be static. The repulsion due to A exactly balances the attraction
of the matter, as long as A is exactly tuned to the matter density. But what if the matter
density is off by a tiny amount? (Equivalently we could ask, what if A is slightly bigger
than the matter density, or the universe is a bit bigger or smaller than its static solution?)
It turns out that the solution is completely destroyed, leading to either runaway collapse
driven by the matter, or runaway accelerated expansion driven by A.

To see this, consider a matter density perturbed away from its static solution by a small
amount,
Pm = pmx(1+9), 0] < 1, (8.1.46)
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where pp, » = A/47G is the density of a static universe. Our strategy will be to see how
the scale factor evolves under this perturbation, using the acceleration equation. But first
we need to write everything in terms of the scale factor alone. We know from the fluid
conservation equation that the matter density evolves as a2, and if we normalize the scale
factor to a = 1 in the static solution, we can write the conservation equation simply as

P = Pmxa > . (8.1.47)

Comparing (8.1.46 and (8.1.47), we can read off the density perturbation in terms of the
scale factor as 6 = a~3 — 1. We can see that if § is much smaller than unity, then a must
also differ from the static value only by a small amount,

a(t) =1+¢€(t), ekl. (8.1.48)

We can write the acceleration equation as

a 4rG _3 A
o g et oty
4 m,x —
- % (1-a79) . (8.1.49)

Plugging our perturbative expansion for a(t) into the acceleration equation and dropping
all terms of O(e?) and higher, we find

A A
d:é:§(a—a_2)%§(1+5—(1—25))%A5. (8.1.50)
This has growing and decaying solutions,
e(t) = creVM 4 cpem VA (8.1.51)

The growing mode will grow exponentially and, depending on the sign of ¢; (which in turn
depends on the sign of the initial perturbation §), either lead to runaway expansion or

collapse to a Big Crunch.

6. Accelerating Universe

(a) Age of the Universe

We start with the Friedmann equation

Q Q
H? = H2 [ C’Z;’O + QA] = H? [ C’;’O +1- Qmp} : (8.1.52)
Multiplying by a?, we have
-2 2 [ $2mo 2
a* = H; [ + (1= Qmo)a ] . (8.1.53)

Once again we’d find an integral that’s rather tricky to do without a clever substitution
or two. We'll use a similar approach to the one we took in Problem 1. First, we define

3
2
1—Qn,
i2 = (;Ho) Qo <1 + Q“m2> : (8.1.54)

22 = a3 so we get
m,0
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or
3.\ 1—Qp
P=(SHo) 1=Quo)(1+¢?) , y=— s (8.1.55)
2 Qm,O
Using the integral
/dy =sinh 1y, (8.1.56)
V14 9y?

we find 5

sinh ™!y = 5\/1 — QuoHot (8.1.57)
Here, we have removed a constant of integration in order to get a Big Bang at ¢ = 0.
Putting our definitions back in and re-arranging things gives the desired result

2/3

a(t) = (%)Ug [sinh <2\/mHot>] . (8.1.58)

At early times, Hot < 1, we recover a o t2/3 as expected for matter domination. At late
times, Hot > 1, we instead have the exponential growth that we expect for a de Sitter
expansion.

We can solve a(tg) = 1 for the age of the universe

2 —1y2, L 2
Hotg = g(l — Qo) arcsinh Q" 1 . (8.1.59)

m,0

This is a monotonically decreasing function of €, o € [0, 1]. For Q,, o — 0 we have a log
divergence, Hotg ~ In[4/€;, 0] /3 while at Q,, 9 = 1 the age of the universe approaches
Hotg = 2/3. Plugging realistic numbers into (8.1.59) — (Ho, {,0) =~ (67 km/s/Mpc, 0.32)
— gives tg ~ 13.8 Gyrs, the number you’ll often hear quoted as the age of the Universe.

A-Domination and Acceleration

The energy density in the cosmological constant is equal to that in matter when

Qm,O

= 1 — Qm 5 .1.
3=~ no) (3.1.60)
so that 14 zp = axl is
10,0\ /3
1425 = <°> . (8.1.61)
Qm,O

Acceleration means d > 0 which, thanks to the Einstein equations, is the same as p +
3P < 0 (if you forgot the Friedmann equations and are slightly masochistic, you could
simply differentiate the sinh?®(t) expression for a(t) twice). Remembering that matter is

pressureless while a cosmological constant has py = — Py, we have
p+3P = ngo +pa+3(0—pp) = %—2% . (8.1.62)

This vanishes when
1/3 0 1/3
ap =213 (Pm0)  _gu [ _Zm0 ) (8.1.63)
1—Qmpo

which gives
1424 =231+ 2,) . (8.1.64)
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(c) Causal Structure and Future

Photons travel on null geodesics, dt = a(t)dy, so the comoving distance light could travel

between t and ¢ = oo is given by [ a‘%i:).
by a(t):

Xeh,phys(t) = a(t) /too a(f(li:) = a/loo Eﬂ;ild(&) . (8.1.65)

Using the Friedmann equation

The physical distance is just this multiplied

Qi
H(a) = Ho\/ a3’0 + (1= Qo) (8.1.66)

the physical event horizon today (with a(tg) = 1) can be written as

1 [°da (Qmo -1/
Xeh,phys (to) = Ho/1 a2< -3 +(1—Qm,0)> : (8.1.67)

Changing the dummy variable of integration to x = 1/a gives

1 1 dx
PR . 8.1.68
Xeh,phys(t0) Hy /0 V1= Qo + Qpoa? ( |

For €, 0 = 1, the integral diverges at x = 0. However, for €2,,, 0 < 1 we have a finite event

horizon: since nothing goes faster than light we can no longer communicate with anything
at physical distances beyond this.

A photon which was emitted at time ¢ < tg and reaches us today at ty travels a physical
distance given by

b q¢ 1 I+z dz
alt < , 8.1.69
( 0) l a(t) Hy 1 \/1 — Qm,O + Qm,g:r?) ( )

where in the second equality we just repreated the same steps as above (with 1+ 2z =
1/a(t)); only the limits of integration have changed. Setting this equal to the physical

event horizon gives

t2en dz dz

1
1 \/(1 — Qmp) + Qm,oa}:)’ - /0 \/(1 — Qm,o) + Qmpx?’ .

(8.1.70)

These conclusions all involve integrating the Friedmann equation arbitrarily far into the
future. One caveat would be that dark energy could actually be evolving (gradually) with
time, as in the case where our current phase of acceleration is driven by a scalar field (such
as the so-called “quintessence” models) rather than by a pure cosmological constant.



152

8.2

8. Solutions

Solutions 2

1. Scalar Field Dynamics

(a)

Klein-Gordon Equation

For the FRW metric,
ds® = dt? — a®(t)da? | (8.2.71)

the determinant of the metric is g = —a®(t). The scalar field is constrained by the sym-
metries of the FRW spacetime to evolve only in time, ¢(t,x) = ¢(t). The Lagrangian in
the example is then

L=ad Bgﬁz — V(¢>)] . (8.2.72)

This is the Lagrangian you’re familiar with from your undergraduate mechanics courses,
with ¢ acting as the coordinate. So we can use the usual Euler-Lagrange equation,

d (0L oL
—|—=]—-—=-=0 8.2.73
i (5c) -5 -0 (8.2.73)
to determine the dynamics. Evaluating the derivatives of L, we find
L )
8—. =d’¢ , (8.2.74)
d¢
oL 3dV
— =—a"— 8.2.75
and (8.2.73) becomes the Klein-Gordon equation in an FRW background,
. . dv

Matter-Like Behaviour

When inflation ends, the inflaton ¢ oscillates about the minimum of its potential, where it
can be approximated by V(¢) = %mzcﬁz + -+, where m is the effective mass of the inflaton
about the minimum. We are asked to define ¢(t) = a=3/2(t)x(t). The time derivatives are

b= a3 (x _ % Hx) , (8.2.77)

. 3. 9
é=a3? (x —3Hx — SHx+ 4H2X> . (8.2.78)

Plugging these into the Klein-Gordon equation (8.2.76) with V' = %m2¢2, we obtain the
desired result,
3.9
X + <m2 — iH — 4H2> x=0. (8.2.79)
Evidently the utility of this transformation was to remove the qb term, revealing the Klein-
Gordon equation as the equation of motion for a (decaying) harmonic oscillator.

For m2 > H? ~ H, eq. (8.2.79) has oscillating solutions,

x(t) = Asin(mt + B) . (8.2.80)
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Ignoring the arbitrary phase, the solution for ¢(t) becomes

o(t) = QSZO(t) sin(mt) . (8.2.81)

We see that ¢(t) is an oscillating function whose amplitude decays as a=3/2. This is
the formal statement of something you heard in lectures: at the end of inflaton, the
inflaton behaves like pressureless dust. To see this, note that py = %qbz + %quzbg goes as

3

an oscillating piece multiplied by a™°. Since the oscillations are rapid compared to the

cosmic timescale, since m > H, we can average over many oscillations, to find (pg) ~ a=3.

2. Slow-Roll Inflation

(a) Exact Slow-Roll Solution

A nice property of m2¢? inflation is that the dynamics has an exact solution in the slow-roll

approximation. Let’s work that out.

In the slow-roll approximation, the Klein-Gordon equation and the Friedmann equation

are
3H$ ~ —m’¢ , (8.2.82)
1
ML H? ~ §m2¢2 . (8.2.83)

Egs. (8.2.82) and (8.2.83) are invariant under ¢ — —¢, so without loss of generality we
can take ¢ > 0. Then eq. (8.2.83) implies

me
H~ , (8.2.84)
\/aMpl
so that (8.2.82) becomes
: 2
b =\ gmMy (8.2.85)

Integrating this gives the desired answer,

2
P(t) = ¢1 — \/;mMplt , (8.2.86)
where ¢5 is the value of ¢ at the beginning of inflation, taken to be t; = 0.

To solve for a(t), it is perfectly fine to plug the solution for ¢(t) into (8.2.84) and solve.
You would get the correct answer, but let’s try a slightly slicker way. First, notice that

dlna dlna dt H

do dt do ¢ (8:2.87)
With egs. (8.2.82) and (8.2.83), we then find
dlna 1 ¢
N ———s . 8.2.88
RN (8.2.88)

Integrating from t; to ¢, we find the desired solution,

2 _ 42
a(t) = ayexp [W] . (8.2.89)
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(b) Amount of Inflation

We first compute the potential slow-roll parameter

M2 V/ 2 M 2
— pl pl

sz (V) o (2 2.

() )
We define the end of inflation as the point ¢g where e,(¢g) = 1. From (8.2.90), we get
Op = \/§Mpl'
The total number of e-folds is, by definition,

Niot = In(ag/ag) . (8.2.91)

We can use (8.2.89) to evaluate this

o1 - _ 41 1
Noo — _ . 8.2.92
T UAME T AME 2 (8.2.92)

If the potential at the beginning of inflation is of order Mé‘l, then ¢; is of order Mgl /m,
and the total number of e-folds is of the order

(ZS% Mpl 2
Niop ~ ~L ~ [ =21) 8.2.93
T MY m (8:2.93)

This achieves sufficient inflation to cure the horizon and flatness problems if the inflaton
mass, m, is about an order of magnitude or more smaller than the Planck scale.

3. Chemical Potential for Electrons

(a) Number Density

From Chapter 3, we know that the number density of fermions in the relativistic limit is

given by

gTS 0 52
~ dé —— .2.94
wmth [Tae S (5.2.94)
where £ = p/T and x = p/T.

If a particle has chemical potential u then its antiparticle has chemical potential —u. There-
fore the difference in number density between electrons and positrons (or any fermionic
particle-antiparticle pair) is

B gT3 e ) 52 52
e —Ne X —%= d — . 2.
fle =10 27?2 /0 ¢ <e§X +1 eftx+1 (8.2.95)

Using the dummy variable y = £ — x in the first integral and y = £ + x in the second, this
becomes

Ne — Mo = 91" </Oody(y+X)2—/oody (y_X)2> = gT3z(X), (8.2.96)

27?2 . ey +1 +x ey+1 ) 272

It is convenient to split the integrals as follows

0 ( 2 +X _ 2 oo} 2 _ 2
B Y+ x) (y —x) (y+x)°"—(—x)
20 = /_X W +/0 Wogr T Y e 829
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The first term can be written as an integral from 0 to +x and the last term can be
simplified

() (v —x)? > y
I(x) = dy Y TX) dy L =X 4y d : 8.2.98
() /0 Vvt +/0 YVer1 T X/O Y11 (8.2.98)

The first two terms can then be combined into a single integral. Let us look at the integrand

(—y+x)° , w=—x?* @—x)?
p=mr e e R B B OR (8.2.99)
So, we get
+Xx ) 00 y
) = dy (= 4 d : 8.2.100
$9) /0 Y ( y+x)+x/0 Yo ( )

We can simply perform the first integral and use the hint for the second,

1 4 72
I00) = X"+ 53X (8.2.101)
We finally get the desired result
g1 ape |yl
Ne — Ne = W <7T ? + Tieg . (82102)

Chemical Potential

The ratio of the baryon to photon number densities is conserved throughout cosmic history,
so that we can use its present value,

=2 —p55.10710 (21 8.2.103
=0, <0.020 ! ( )

in the early universe as well. The electrical neutrality of the universe requires n. —n. to be
equal to n,, the proton number density. Therefore n = ny/ny = n,/n, is approximately
equal to (ne — ne)/ny.
From the lecture notes, we know that the number density of a relativistic boson species
— which is exactly what photons are — is given by
3
n= %)gT3 , (8.2.104)
m

while we have (8.2.102) for the electron-positron imbalance. Putting these together with
our estimate of 7,

pa e L1079, (8.2.105)
Y
we find ) 5
ge ™ pe 1 pg 9
Je Pe \ = Hel L1079, 8.2.106
9, 6¢(3) [T = TS] (8:2:100)

Ignoring the order-one prefactor on the left-hand side, we get
He -9
— ~ 1077 . 8.2.107
i, (5:2.107)

This exercise shows that the chemical potential of electrons and protons can safely be
neglected.



156 8. Solutions

4. Neutrinos

(a) Massive Neutrinos

Recall from the lectures that the neutrino temperature, after decoupling, is related to the

AN\ 13
TV:<11> T. (8.2.108)

photon temperature by

Let’s remind ourselves why this is. Before decoupling, the neutrinos are in thermal equi-
librium with the photons. Right after decoupling, the temperatures don’t diverge straight
away, because the temperatures of the neutrinos and photons both still go as 1/a. Soon af-
ter neutrino decoupling, however, electrons and positrons annihilate into photons, heating
the photon bath but not the neutrinos. This is the physical significance of the conser-
vation of entropy, s = g*g(aT)?’ = const, since during electron-positron annihilation, g,g
suddenly drops. After that, the photons begin to cool as 1/a again, so that the (4/11)/3
factor is maintained.

If you have not yet done this calculation yourself, please familiarize yourself with it!

Now let us calculate the neutrino number density. Avoid the temptation to use the non-
relativistic limit. While a massive neutrino would likely be non-relativistic today, we have
assumed that their mass is low enough that they were relativistic when they decoupled
from the thermal bath. Out of equilibrium, we need not do any fancy integrals to determine
their number density, because the neutrinos simply propagate along geodesics of spacetime.
What matters is the initial condition. At decoupling the neutrinos had a number density
3¢3) 3

= T, (8.2.109)
which then decays as a~3. However, the neutrino temperature also decays as a so we can
write the present neutrino number density as

_3¢(3)

= g, T3, (8.2.110)

though we must stress that this doesn’t come from doing thermodynamics today (remem-
ber, this is a relativistic equation), but just from taking relativistic initial conditions and
allowing them to evolve on geodesics.

The photon temperature today, however, is given by relativistic thermodynamics, and
conveniently enough has a very simple form,

ny = C?(;’)%T?’ : (8.2.111)

Hence we can easily compute the ratio of the two number densities,

n_ 390 (L) _3
n, 4gy, \T,) 4

Since the neutrinos are non-relativistic, their energy density is the same as their mass

2
2.2 3 (8.2.112)

density,

3
Py =myn, = ﬁmynﬂ, . (8.2.113)
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We used this form because n, depends on the CMB temperature, a known quantity.

Now, let us compute the fractional energy in such a neutrino

O,h2 =220 p?
Py
3 TNy 9
= m, L Qh
11"
90¢(3) m,
= 117(r4) T b (8.2.114)

Using the current CMB temperature T' ~ 2.725 K, the current energy density in photons
Q,Yh2 ~ 2.47 - 10~ and the useful conversion from kelvin to eV 1 eV = 11605 K we get
my

O, h? ~ i 2.11
h 94 eV (8 5)

It was noticed already in 1966 by Gerstein and Zeldovich that the simple requirement that
Q,h% < 1 put a bound on the mass of the neutrino which was much stronger than what
could be obtained from colliders.

Extra Neutrino Species

Suppose that we in fact had four delicious flavours of neutrinos. We can repeat the
manipulations from the lectures which led you to 7, with the 4/11 factor. At some t;

+ annihilation we have

prior to e
7
Gws(t1) :2+§[2-2—|—4~2] =12.5. (8.2.116)

After e* annihilation we instead have

7 Ty2 3 Tl/2 5
to) =24+--4-2(—=—| =24+7(==] . 8.2.117
st =2+ ¢ 402 (32) =247 (82.117)
The conservation of g,sT3a® (that is, entropy) implies that
12.5(a1T1)? = 2(aaTy)® + 7(aaTy2)? . (8.2.118)

Using a171 = a11,1 = a21,0 we can solve for the neutrino temperature today

AN\ 1/3
TV:<11> T, (8.2.119)

which is the same as for three generations, as we expect it should be, since the electron-
positron annihilation only affects the photon temperature, and before annihilation the
photon and neutrino temperatures are the same regardless of the number of delicious
neutrino flavours. This allows us to solve for the number of relativistic degrees of freedom
today as

4
Gus =247 (11> ~4.55 (8.2.120)

and

4/3
G =247 <11> ~3.82, (8.2.121)
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both of which are higher than their corresponding values in the 3 generation case (see the
lecture notes).

To discuss the effect on the neutron abundance let us proceed heuristically, trying to
understand the physics rather than make quantitatively accurate predictions.

As argued in the lectures, the ratio of neutrons to protons in equilibrium, before neutrino
decoupling, is approximately

M e~ QT (8.2.122)
np

where Q = m,, — m, = 1.293 MeV. After the neutrons and protons decouple from the
bath, this ratio remains roughly fixed at the value
I e/ Tuee | (8.2.123)
np
The reaction that keeps n and p in equilibrium is v +n <+ p + e~ which has a rate set by

the weak interaction
I~ G275, (8.2.124)
where G is Fermi’s constant. When I' drops below the Hubble scale
H ~ 1.66g*T%/ M, , (8.2.125)

the neutrons and protons decouple from the plasma. The decoupling temperature, I'(Tge.) ~
H(Tdec)a is
—-1/3
Thec = 1'29-)1(/6 (MplG%‘) / . (82126)

We see that neutrons decouple at a higher temperature if we increase the number of
relativistic degrees of freedom—i.e. increase g,. From (8.2.123) we see that this translates
into more neutrons. Because practically all neutrons eventually end up in “He,' this means
higher g, gives more “He. A more careful treatment of BBN confirms this general scaling.
This fact has been used in the literature to place bounds on the number of neutrino species,
starting from work by Hoyle and Taylor in 1964. This logic can also be used to constrain
other deviations from standard physics, such as deviations from the modern value of G
(commonly used to constrain theories of gravity that differ from general relativity) —
you’ll see more of this in Problem 6.

5. Relic Baryon Density

(a) The Boltzmann Equation

Our master equation is the Boltzmann equation, written in the form
on
ot

The first term on the r.h.s. characterizes the dilution of particles due to the expansion

= —3%71 —nn(ov) + P(t) . (8.2.127)

of the universe, the second term describes interactions between particles and antiparticles
with cross-section o, and the third term is a correction to describe any production of the
particle under consideration.

115-20% decay before they can wind up in a nucleus, about 1075 go into deuterium, and trace amounts go
into things like lithium and beryllium.
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Conservation of Number Difference
Write (8.2.127) as
i@(na?’)
a® Ot
We can write the same version for the antiparticles by simply relabelling n <> n. Note

= —nn(ov) + P(t) . (8.2.128)

that the two equations have the same P(t) because we assume that the reactions produc-
ing particles produce equal quantities of antiparticles as well. Subtracting the evolution
equation for n from that for n we find

10 _
=5 (a*(n—m)) =0, (8.2.129)
which we can integrate to find the desired result,

(n — @) a® = const. (8.2.130)

Matter-Antimatter Symmetry

If the particles and antiparticles are initially symmetric, (8.2.130) tells us that they will
always be symmetric. Then we can write (8.2.128) as

1 d(na®
= (g? ) n2(u) 4 P(t) | (8.2.131)
In equilibrium, d(neqa®)/dt = 0, so we see P(t) = nZ, (ov). Putting this all together we
have o)
1 d(na
g = (V) (n* —nZ,) - (8.2.132)

Riccati Equation

The desired equation, the Riccati equation, is derived in the lecture notes. Here we will
briefly sketch it, for the reader’s convenience. Notice that T scales as 1/a, so if we write
T = Toa~! we can identify dY/dx as a slightly modified form of the L.h.s. of (8.2.132).
Plugging in the various definitions and using the chain rule, we can write

avy. 1 1 d(na3)

i — 8.2.133
dv  mT¢aH dt ( )
Using (8.2.132), we find
ay THov) |9 9
—_— = Y -Y.) . 8.2.134
dx mH ( eq) ( )
Using the definition A\ = m3(ov)/H(m), where H(m) is the expansion rate at T = m
(i.e. = 1), and assuming radiation domination so that H = H(m)/z% we find the
Riccati equation,
ay Ao 9
i (Y2 -Y3) . (8.2.135)

At late times, T — 0, so z ~ T~! blows up. We don’t yet know how n evolves at late
times, so we shouldn’t be hasty to make a similar statement about Y, even though it has



160 8. Solutions

T3 in the denominator. However, it is reasonable to expect that Y will begin to dwarf Yeq

2

as t — 00,” so we can ignore the Yo, term in the Riccati equation and write

vy _ de

S A (8.2.136)

Integrating this from freezeout to infinity, and noting that 1/z drops off quickly at late

times, we find
1 1 A
—_— -~ 8.2.137
Yoo Yy x4 ( )
where the subscript f denotes freeze-out values. Using the assumption (backed up by
numerics) that Y, is much smaller than Y}, we see that

Yoo = (8.2.138)
A

We see that a larger (ov) leads to larger A and hence a lower Yo,. In other words, a larger
interaction cross-section leads at late times to a lower particle abundance. As discussed
in the lecture notes, this makes intuitive sense. The longer the particles and antiparticles
are in equilibrium, the more their number (proportional to Y') decays. More interactions
mean that particles remain in equilibrium longer, and freeze-out later, after more particles
have decayed.

Similarly, if the expansion rate were sped up, due for example to there being some extra
low-mass neutrinos, then H would increase and A would decrease, leading to a larger
abundance of particles. This is because the decoupling temperature will be reached earlier
due to the faster expansion, leaving a greater frozen-out particle abundance.

(e) Proton-Antiproton Annihilation

Protons and antiprotons freeze out roughly when I' = H. For protons, the interaction rate
is given by I' = n{ov). Because we're assuming that protons and antiprotons are symmet-
ric, this can be written I' = n(ov). Before freeze-out, n is very close to its equilibrium
value, given by
T 32 st

N =Neq = 2 <27r> e . (8.2.139)
Note that we’ve assumed that the protons are non-relativistic when they freeze out. This
assumption is correct because the example sheet says the answer is that protons and
antiprotons freeze out at 20 MeV, and their mass is nearly 1 GeV. This is, however, sorta
cheating. If we didn’t know the answer, we’d have to do the problem twice, once assuming
the particles are relativistic when they freeze out and once assuming they’re not, and see
which one gives a consistent answer.

The expansion, meanwhile, is radiation-dominated with g, = 10.25 (once again we've
peeked at the answer to know which g, to use — don’t tell!), so we can write H as

1 T T2
H = ——V10.75T? ~ — . 8.2.140
V3M, /30 My, ( )

2To justify this we really need to look at numerical solutions to the Riccati equation, which you can find in

the lecture notes.
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Using (ov) &~ 100 GeV 2, My, ~ 10'® GeV, and m ~ 1 GeV, we can put all this together
to find

9 -2 (22f -m/Ty o S 2.141
00 GeV ( o ) e My (8 )

Measuring all quantities in GeV (so that the proton mass is more or less 1), we can write
this as

TP e VT 10710 (8.2.142)

Solving numerically or just plugging in, you can see that T ~ 0.022 solves this, or, plugging
the units back in, Ty ~ 20 MeV.

Toward Baryon Asymmetry

This whole time, we’ve been assuming particle-antiparticle symmetry, n = n. How good is
this assumption? You probably already know the answer (it’s terrible), but let’s confirm
that by showing that it leads to something completely silly.

The proton number density today, and by extension the anti-proton number density (as-
suming symmetry, remember), is given by n = n = YOOTgMB. The photon number density,
meanwhile, is given by the usual relativistic equilibrium relation, n, = (2¢(3)/7?) T&\p-
Taking the ratio of the two, the temperature dependence drops out and we have

n n w2 Ty

n, n, 2(3)\°

(8.2.143)

Notice how the present (anti-)proton density depends on the temperature at decoupling,
even though the proton abundance has decayed significantly since then.

Using Ty ~ 20 MeV, we find x5 = m/Ty ~ 1000/20 = 50. Meanwhile, we can calculate A
by

m3{ov) V90
A= ——" = mMy(ov)——= ~ 10% . 8.2.144
H(T =m) TR ( )
Putting it all together we find
= 2 1
5-10
Loty T ~ 10718 (8.2.145)

ny  ny o 2¢(3) 1020

This is miles away from the observed baryon-to-photon ratio, n ~ 107, so something has
gone completely wrong. Most of the calculations you've done have been quite rigorous,
and when you made approximations they were never bad enough to throw you off by 9
orders of magnitude. The assumption that we have to drop is the initial baryon-antibaryon
Symmetry.
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6. Primordial Nucleosynthesis

(a)

Decoupling Temperature

Heuristically, we can say that when the weak interaction rate I' between nucleons and the
thermal bath (i.e. photons) exceeded the Hubble rate H, nucleons were in equilibrium.
This means that the following reactions could proceed in either direction:

n <— pte +Uv
v4+n «— p+e

et 4+n p+v

As the universe expanded and cooled, the interaction rate eventually fell below the Hubble
rate and these interactions became parametrically unlikely, so we can roughly define the
decoupling temperature as the temperature when these two rates are equal, I'(Tyee) ~
H (Tdec)a or

87TGN 7I'2
G2T> ~ \/ g, T4 . 8.2.146
F+tdec 3 30 g* dec ( )
Solving for T, we find
Tiee ~ GNOG g0 . (8.2.147)

We see that the decoupling temperature scales with the number of relativistic species as
gi/ % This means that having more relativistic degrees of freedom raises the expansion

rate and leads to an earlier decoupling of nucleons.

Fundamental Physics and Helium Abundance

The game here is to figure out how light element abundances from BBN vary when you
change early universe physics. These are related through the neutrino decoupling temper-
ature (and hence the nucleon freeze-out temperature), because modulo some small effects
(like neutron decays before they’re bound up into nuclei), this temperature determines the
frozen-in neutron-to-proton ratio, set by

| o e~ (mn—myp)/Taec (8.2.148)
np |y
This is a monotonically increasing function of temperature and so the later neutrinos
decouple, the fewer neutrons are available relative to protons. The simplifying assumption
we make is that all neutrons (ignoring the few which decay) go into forming helium-4 (with
trace amounts going into deuterium and other light elements). Therefore the key relation
is

lower /higher Ty.. — lower/higher helium-4 abundance.

Qo T

Despite everything we just said, this one actually has nothing to do with the freeze-out
temperature, because the universe is radiation-dominated at this time and so baryons don’t
really affect the expansion rate (and they don’t affect the weak interaction rate). Raising
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the baryon density today (and holding the radiation density fixed) is equivalent to raising
the baryon-to-photon ratio n at the time of BBN.

When we raise 7, deuterium, hydrogen-3, and helium-3 build up earlier (because there are
more baryons floating around), so that the production of helium-4 starts earlier and we get
more helium-4, mostly because fewer neutrons have had time to decay. However, this is a
very mild effect because neutron decays have only a minor impact on the neutron-to-proton
ratio, so raising 7 leads to a small increase in the helium-4 abundance.

Grl

The key equation here is (8.2.147), which relates the neutron decoupling temperature
(and hence the nucleon freeze-out temperature) to Gp and other fundamental parameters.
We see that Tye. ~ G;Z/ 3, so we see lowering G raises the freeze-out temperature and
henceraises the helium-4 and deuterium abundances.

Gy 1

Using (8.2.147), we see that Tyje. ~ G%G so raising Newton’s constant raises the helium-4
abundance.

My — my T

We could equivalently consider holding m, — m, fixed to its usual value and instead
lowering the decoupling temperature, so this lowers the helium-4 abundance.
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8.3 Solutions 3

1. Newtonian Structure Formation

(a) Homogeneous and Isotropic Universe

We can verify by direct substitution that the homogeneous fluid equations are solved by

_ _ G - AnG _
p(t) = 3(t) s u = 57" y Vr,-(p == Tp'r‘ .

You simply have to notice that

9 _ 9 plt)
ot~ dtad(t)

:_3g157
a
_ _a a _
Vi (pu)=p—Vrr=3-p,
a a

_ 4G
V% =V, V,b = ”Tﬁvr-r = 47Gp .

(8.3.149)

(8.3.150)

(8.3.151)

(8.3.152)

It is then clear that (8.3.150) and (8.3.151) solve 9;p + V, - (pu) = 0 and (8.3.152)

corresponds to the homogeneous Poisson equation.

(b) Density Perturbations

Now, we consider perturbations to the solution (8.3.153),
ArG
p=p(l+9), u=u+uv, V,@z%ﬁr—i—vré@.

We substitute this into the fluid equations and linearise:

continuity 8(8[;5) + V., (pv+péu) =0,
Euler (ZI; +(u-V;)v+(v-V,)u+ l_VrcFP +V,.00=0,
p

Poisson  V26® = 47Gps .

We first massage the continuity equation. Using

o(p0) 95 0p. 95 .
ot~ Par Tt TPy 3P

V,(péw) = poV,-(Hr) + Hr-V,(pd) = +3Hpd + pHx-V§ |

we get

ot

[8+Hw-V}5+(llV-v:0 = S—i-%V-'v:O,

where we have used V, — V = aV,. and defined

: 0 0

(8.3.153)

(8.3.154)

(8.3.155)

(8.3.156)

(8.3.157)

(8.3.158)

(8.3.159)

(8.3.160)
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We manipulate the Euler equation in a similar way. Using

(u-Vy)v=Hr -V,o=Hx-Vuv (8.3.161)
v-Veyu=v-V,.(Hr)=Hv, (8.3.162)
we get
. 1 1
b+ Hvo=——V56P — ~Véd| . (8.3.163)
ap a

Finally, we can trivially obtain from the Poisson equation,

V250 = 4rGa?ps | . (8.3.164)

We wish to combine these equation to get an evolution equation for §. First, take a
derivative of (8.3.159) to find

. 1
d= _EV (v — Hv) . (8.3.165)
Using (8.3.163) to remove v and then (8.3.159) to remove v, we obtain

. <1 1
0 +2H5 — —=V?6P — 5 V?® . (8.3.166)
a“p a

Going to Fourier space, using ¢2 = §P/6p = 6P/pé, and using (8.3.164), we finally obtain

.. . 2k
0+2H6 + ( 22 - 47er> 0=0]|. (8.3.167)

Dark Matter Perturbations

This part of the question is discussed in detail in §4.1.3 of the notes.
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2. Curvature Perturbations

(a)

Gauge-Invariance

In the lectures, you derived how the metric and matter perturbations transform under a
coordinate transformation of the form X#* +s X* 4 ¢ where £ = T and ¢ = 9'L. For
this questions, we need the following transformations

1
C — C—?ﬂt—gvﬁg (8.3.168)
E— E—-L, (8.3.169)
Sp — dp—Tp" . (8.3.170)
Substituting this into the definition of ¢, we get
1 1) 1 1 op—Tp
(=C-VE-HL s (C-HT - VL) - - V2(E-L)-HL— "L
3 p’ 3 3 p’
1 4]
= - VE-H2L
3 p
=q, (8.3.171)
which confirms that ¢ is indeed gauge-invariant.
Physical Intepretation
In the uniform-density gauge, 5p = 0, we have
1
(=C--V’E (uniform-density gauge) . (8.3.172)

3
which is the combination of metric perturbations which appears in the intrinsic scalar
curvature of the spatial hypersurface

a®’RB) = —4V?¢ (uniform-density gauge) . (8.3.173)
In this gauge, ¢ measures the intrinsic curvature of the hypersurface.

In the zero-curvature gauge, R® = 0, we have C — %VQE = 0 (notice that spatially flat
gauge, C = E = 0, is a special case of zero-curvature gauge). Now we have

J
(= —”Hﬁ—e (zero-curvature gauge) . (8.3.174)

In this gauge, ( is essentially a proxy for the density fluctuation.

Large-Scale Limit

Let us now compare ¢ to R in in the large-scale limit. We work in Newtonian gauge,
characterized by
B=E=0 and C=-9, (8.3.175)

where ® is the Bardeen potential (a gauge-invariant combination of the metric pertur-
bations) defined in the notes. The two curvature perturbations in this gauge are given
by
op
(=-d— HE . (8.3.176)

R=—®+Ho. (8.3.177)
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Let’s first focus on R. The perturbed Einstein equations are worked out in the course
notes. The (0,7) Einstein equation can be written as

' +HV = —4nGa®(p+ P)v . (8.3.178)

Using this to re-write (8.3.177), we have

H
R+P=— " —_ [P vl . 8.3.179
+ 477Ga2(ﬁ+P)[ +HY] ( )

Now consider ¢. The (0,0) Einstein equation can be written as
V2 — 3H(®' + HV) = d4nGa?dp . (8.3.180)

If we also eliminate p’ using the background equation, p’ = —3H(p + P), then (8.3.176)
can be re-written in the form

V2o
P = — — __ [/ + H . 8.3.181
¢+ 12rGa2(p+ P) 4nGa?%(p + P) (&' +#2] ( )
Taking the difference of (8.3.179) and (8.3.181), we find
N (8.3.182)
C 121Ga2(p+ P) -

Introducing the equation of state P = wp and using the Friedmann equation, we arrive at

our main result:

2 V2

Roughly, we should expect & ~ R, so we get

]CQ

On large scales, k < aH, so the right-hand side is negligible and we have ( ~ R.
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3. Cosmological Gravitational Waves

(a) Calculating the Christoffel Symbols

The usual formula for the Christoffel symbols is

Iy, = %g‘“’ (Govp + Gopw — Gup.o) (8.3.185)
where a comma denotes a partial derivative. The metric components are
goo = a? | goi =0, Gij = —a? (035 + 2E45) (8.3.186)
which can be easily inverted to linear order:
g =a"2, ¢"=0, g7 = —a? (6% —2EY) . (8.3.187)

Notice the minus sign in front of the E%, because E;; < 1. You can check the inverted
metric by making sure it satisfies g,,g”” = d};. The Christoffel symbols are then

1
F80 = 5900(900,0 + 900,0 — 900,0)

1 00
= 29 400,0

1
=—-a"?2ad

2
=, (8.3.188)

1
Y = 5900(901,3‘ + 9oji — 9ij,0)
L 00
= —59 9i5,0

1
= §a72 (CLQ((SZ']' + 2Eij))/
= H(SU + 2’HE1‘]' +E! (8.3.189)

ij
i 1o
j0 =59 (9rj0 + groj — gjok)
1.
= inggjk,O

1 . )
— 5a—2(5“f — 2B (a®(0;1 + 2E))

1 . )
— 5(5%’“ — 2E") [21(0j1 + 2Eji) + 2E);]
% % % i 2
=HO; + E}' (8.3.190)

1 .
k= 59”(9jl,k + ki j — k)

1 : .
= 50,72(521 — 2Ell) (2a2Eﬂ,k + 2a2Eli’ — 2a2E]’k,l)
= E'jp+ Bl — 0" Ejry (8.3.191)
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The two remaining Christoffel symbols both vanish trivially:

1
ng‘ = 5900(900,1' + 90i,0 — 90i,0) = 0, (8.3.192)
. 1 ..
Lo = 59” (905,0 + 90j,0 — goo,;) =0 . (8.3.193)

This may look like a wall of algebra but it’s actually not all that time-consuming once
you’ve done it once or twice!
Calculating the Einstein Tensor

This part can become time-consuming, if you don’t organize your calculation in a conve-
nient way. First, notice that we are trying to compute G;; = R;; — % gijR. You might think
that you need to compute all components of the Ricci tensor I, to get the Ricci scalar
R = g"R,,,. But at linear order, the Ricci scalar cannot receive any contribution from a
tensor perturbation. (If you don’t believe it, try writing down some terms. They will all
either be second order (like E% E;;) or vanish because E;; is transverse (like 9;0; E" = 0)
and traceless). The Ricci scalar will therefore take its homogeneous value, which has been
computed in the course notes,

R=—6a"%(H +H?) . (8.3.194)

The only real work we therefore need to do is to compute R;;. It is useful to have at hand
the result for the Christoffel symbol with two indices summed:

TG, =00+ Tt = H+ M6} + E' =47, (8.3.195)
), =T%+T=0+0;E +,E —9E =0 (8.3.196)
We then do a little bit of work,

Rij = 0pI'f; — ;1 + T5;Th, — TG0,
= 0oL + OkT5; — 0+ 9,16, — T5,T6; — Tiol9y, — TS,
= H'6i; + 2H Eij + 2ME}; + B} — V2Ejj + AH(H0;; + 2HE; + E}))
— (Mo + 2ME + Ejy)(H6) + E') — (M0, + 2HEj, + Ejy)(HoF + E)
= (H' +2H?)6i; + E; — V?Eij + 2HE[; + 2(H' + 21*)Ey; . (8.3.197)
Using (8.3.186), (8.3.194) and (8.3.197), we calculate the relevant Einstein tensor:

1
Gij = Rij — 59i R
= (H' +2H*)6ij + Ef; — V2Eij + 2HE[; + 2(H' + 2H)Eyj — 3(H' + H?) (655 + 2Ej;)
= —(2H' +H?)0ij + Ej; — V?Eyj + 2HE}; — 2K + H*)Ej; | (8.3.198)

which contains the correct background piece and the linear piece that we are after:

6Gyj = Ej; — V?Eyj + 2HE}; — 22H' + H*)Ej; | . (8.3.199)

Good! Pat yourself on the back, have a beer, and take a little break. You've earned it.



170

()

8. Solutions

Calculating the Energy-Momentum Tensor

Now that you’re officially a perturbation theory ninja, you should be able to make short
work of this. The energy-momentum tensor for a perfect fluid is?

Ty = (p+ P)ULU, — Py, — a*1l,,, (8.3.200)

where p and P are the fluid energy density and pressure, U* is the fluid 4-velocity, and
II,,, is the anisotropic stress. We are interested in the spatial part

T;j = (p+ P)UiU; — Pgij — a*Tl;; . (8.3.201)

We assume that, because the fluid velocity aligns in the background with the cosmic rest
frame (U’ = 0), the spatial components of U* are small perturbations and we can drop
the U;U; term. Substituting the usual matter perturbations p = p+ dp and P = P + 0P,
we find

5’1—%]' = *6Pgij — P(Sgij — CLQHZ']'
= §Pa’d;j + 2a*PE;j — a®T1;; . (8.3.202)

This expression contains scalar, vector, and tensor-type perturbations. We’re asked to
focus on the tensor-type perturbation, which is

0T, = 2a* PE;j — a®Il;; | . (8.3.203)

Following the notes, we’ve denoted the tensor perturbations with a hat, but since we're
only dealing with tensors for the rest of this problem, we’ll drop the hats from now on.

Calculating the Einstein Equation

Putting the results of the last two parts together we find the Einstein equation for tensor
perturbations:

Ej; — V?E;j + 2HE]; — 2E;;(2H + H?) = 87G(24* PE;; — a*11;;) . (8.3.204)
The background Friedmann equations in conformal time imply
2H' + H? = —81Ga*P . (8.3.205)

Plugging this in (8.3.204), we find that the two pressure terms exactly cancel out and we
get

Efj + 2HE}; — V2 E;; = —87Ga’Il;; | . (8.3.206)

A Solution at Last

A Fourier mode in a matter dominated universe (a oc 72) without anisotropic stress (II;; =
0) satisfies

4
El + ;E;j +k*E;; = 0. (8.3.207)

3The a? term on a?II,, comes from lowering an index on IT*, in the mixed-indices definition of the energy-

momentum tensor and using the fact that spatial indices are raised and lowered with d;;.
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Let’s assume a solution of the form

kT cos(kT) — sin(kT)
(k7)?

Eij o (8.3.208)

Taking derivatives, and leaving out the same constant of proportionality, we have

Ej; o [sin(kT) (37'_1 - k‘27') — 3kcos(kT)] (8.3.209)

(k7)?

Ej; o [sin(kT) (5k% — 12772) + cos(kT) (12k7~' — K37)] | (8.3.210)

(k)3
which we can easily check satisfies (8.3.207).
Bessel Functions™

Equations with forms like that of (8.3.207) are often Bessel’s equation in disguise, and can
be unmasked by a simple change of variables. To eliminate pesky factors of k£ we introduce
the dimensionless time variable x = k7, so (8.3.207) becomes

Ez‘j + 4$_1Eij + Ez'j =0, (83211)

where dots denote x derivatives. Defining e;; = z3/ 2Eij, we find e;; satisfies
9
aéj + wé; + (xz - 4> eij =0, (8.3.212)

which is simply Bessel’s equation with order 3/2 and has a general solution in terms of
the Bessel functions:

By = (k)32 [aJ3 o (kT) + BJ_52(kT)] . (8.3.213)

for some constants « and 8. These Bessel equations satisfy

J3 () = % (Smfv) — cos(ac)) , (8.3.214)
J_sa(w) = — % <sin(:ﬁ) + Coi(x)> , (8.3.215)

and we can see that setting 5 = 0 we recover eq. (8.3.208).

In general, when you find a differential equation of the form
E+ (142077 %+ (1+B272)€e=0, (8.3.216)

you can turn it into Bessel’s equation of order a? — 3 by defining g(z) = x*E. These come
up often in cosmology.
Super-Horizon and Sub-Horizon Limits

In the limit k7 < 1 — that is, for modes much larger than the Hubble horizon — we
expand the trigonometric functions as

cos(kt) =1 — = (k1) + O [(k7)*] , (8.3.217)

N =

sin(kt) = k1 — é(kT)d + 0 [(k7)°] , (8.3.218)
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so that (8.3.208) becomes
1
Eijx =240 [(k7)?] . (8.3.219)
Hence super-horizon gravitational waves have constant amplitude. More generally, regard-

less of the equation of state of matter, which affects the Hubble friction term in (8.3.207),
the gradient term k:QEij can be neglected in the super-horizon limit giving us

El+2HE;; ~ 0, (8.3.220)

which quite clearly admits constant solutions.*

On the other hand, well within the horizon (k7 > 1) the cosine term in (8.3.208) dominates
over the sine term and the solution goes as

cos(kT) '

Eij~
J (kT)?

(8.3.221)

As expected, this solution oscillates with comoving frequency k and the amplitude falls as
1/7% ~1/a.

The qualitative behaviour of Fj;; deep inside the horizon could have been seen in another
way that highlights how generic this result is. Consider the following field redefinition

1
Eij(r.k) = ~hij(T,F) . (8.3.222)

Neglecting anisotropic stress, eq. (8.3.206) becomes

a/l

W {kz _ a} hy = 0. (8.3.223)

On dimensional grounds, we typically have a”/a ~ H? ~ (aH)? so for modes deep inside
the horizon (k > aH) we can usually neglect the second term in square brackets and we
find that

hi; + k°hij~0 = hjj ~ Apcos(kr) + Bysin(kr) | (8.3.224)

which oscillates with frequency set by the wavenumber k. We conclude that, rather gen-

erally F;; ~ a~! x [oscillations] for modes k > aH.

4. Growth of Matter Perturbations |: Early Times

(a) Friedmann Equation

The conformal-time Friedmann equation is

81G
H? = Ta2 (pm + pr) - (8.3.225)
Defining y = a/acq, we have
Pm = Peqy ", (8.3.226)
pr=peqt ", (8.3.227)
1By writing El, + 2HE;; = a72(a2E£]-)' you can see that the general solution on super-horizon scales is

Eij; x A+ B f a~2dr for some constants A and B. This typically tends to a constant very quickly.
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so that the Friedmann equation is

87G

H = —=a%peq (v +y7")
87TG
=3 Geapea (¥ +y77) (8.3.228)
As usual, we can define
81G
Q= 5Pm0 8.3.229
3,}_[(2)0 ,0 ( )
81G
, 0 8.3.230
3/H2p 0 ( )
where a = 1 today. We can write these as
8t
m = Wﬂeqagq , (83231)
8rG 4
Q, = 37_[2 Peqleq - (8.3.232)
Their ratio i
eir ratio is O 1 559
o " aw 3.
Putting these together, we obtain
2 2 -2
Mo =Hog" (v '+y7?). (8.3.234)

r

Qualitative Behaviours
Radiation perturbations oscillate with constant amplitude around 4, = 0.

Dark matter perturbations in the radiation era on subhorizon scales grow logarithmically,
as the universe expands too quickly for matter to cluster much. In particular, perturbations
should be frozen, but because they enter the horizon with non-negligible 5, & continues
to grow a bit after horizon entry until its initial velocity is redshifted away, hence the log
growth.

Matter Perturbations

Combining the continuity and Euler equations for pressureless perturbations,

o =V v, , (8.3.235)

vl = —Hv, -V, (8.3.236)
we find

S+ HOL, = Vi . (8.3.237)

Because radiation oscillates quickly compared to the Hubble time on small scales, averaging
over time the gravitational potential is only sourced by matter fluctuations, so the Poisson
equation is only sensitive to matter,

V20 = 41Ga’pmdm - (8.3.238)

Therefore, we find
o + MO, — AnGa’pmb, =0 . (8.3.239)
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(d) Meszaros Equation

This next step involves a bit of algebra, but it’s nothing outside your powers. Starting
from (8.3.239), there are two things we want to do before anything else. One is that,
of course, we want to switch from 7 to y as the time coordinate. The other is that we
want to replace the 4rGa?p term with something in the Q and y language that we’ve used
elsewhere in this problem. Let’s do that first: using (8.3.229) and (8.3.233), we can write

477Ga2pm = 7—[2 2 Pm —Q
Pm,0

= f?ngma_l

= H()Q’m e_qu_l

QQ

= —HO m =l (8.3.240)

Q,
Let’s keep this in our back pockets. Next, we’ll do the variable change, noting first that,
differentiating (8.3.234) with respect to y, we have
W
dy 21 Q,

With this in mind, we can easily take derivatives to find

24 2y73). (8.3.241)

dbm,
3.24
o = Hy—"= 7 (8.3.242)
d26, 1db HZ Q2 dé
1" 42,2 m - m 0 °*m -2 -3 m
o =My a2 +y TRRETTER (y 2 +2y77) a (8.3.243)

Plugging all this into (8.3.239) and dividing out H?y?, we obtain
d?6,  2d06,  HZ Q% g Ao 3 HEQZ
— — B (y~ 207°) — — ——2—-"26,,=0. 8.3.244
dy? + y dy  2H? Q, (W= +2y7) dy 23 H? Q, ( )

We can simplify two of these terms with the help of (8.3.234), finding

Mo, v
0 = . 8.3.245
H? Q, 1+y ( )
Plugging this into our equation and combining terms, we obtain the Meszaros equation,
d?s 2+3y db 3
my 2OV GOm Sm =0 (8.3.246)
dy*  2y(1+y) dy  2y(1+y)
By plugging and checking, we can confirm that the two solutions are
Om x 2+ 3y, (8.3.247)

S o (24 3y) In (%11;1) —6y/1+y (8.3.248)

During radiation domination (y < 1), the first mode is clearly constant while the second,
Taylor expanding, contains a constant term and a piece evolving as Iny ~ Ina. During
matter domination (y > 1), the first solution is § ~ y ~ a, while the second decays as
y~3/2. These confirm the results from the lectures: matter clusters very slowly, grow-
ing logarithmically, during radiation domination, and then grows, § ~ a, during matter

domination.
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5. Growth of Matter Perturbations |l: Late Times

(a)

Evolution Equation

Recall that the Poisson equation can be conveniently written in terms of A,, as

V20 = 41Ga’ oA (8.3.249)
where we have defined A, = d,, — 3Hv,,. Because p,, ~ a~3, this implies (for a given k
mode)
Ap,
D~ — . (8.3.250)
a

Plugging this into (E3),

" +3HY + (2H' +H*) 2 =0, (8.3.251)

we find that the matter density perturbations in comoving gauge obey the equation
Al +HA, + (H —H?) A =0 (8.3.252)

Let’s simplify this using the Friedmann equation,

_ 8nG

2
" 3

a® (pm + pa) - (8.3.253)
Taking a derivative of this, and using the fact that p), + 3Hpm, = 0 while pj = 0, we find
H =H? — 4rGa’py, . (8.3.254)

Therefore, we see that A,, obeys the equation
A"+ HA,, — 41Ga pp Ay =0 . (8.3.255)

The second term is the usual friction due to the expansion of the universe, while the last
term describes gravitational instability.

Matter and Dark Energy

Let’s define u = A/H, where the cosmic-time Hubble parameter H is related to the
conformal-time version by ‘H = aH. We’ll use overdots to denote derivatives with respect
to a, so we have

A= %u , (8.3.256)
H? :
A =M — —u+HHu, (8.3.257)
. 2 2 O ) .
A" = aH (7—[2& + 3HH — %u + %u - ?u + H2u + H’Hu> . (8.3.258)

Plugging these into our master equation, many terms cancel and we find

H2ii + SHHT + (7{2 - % +HH - 47erm> u=0. (8.3.259)
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Taking a derivatives of the Friedmann equation, 3H? = 87G (pm + pa), With py, = pmoa™>
and pp constant, we find
.2
HH = — — 4nGapn (8.3.260)
. N
H> + HH = — (8.3.261)

Plugging these back into our fluctuation equation, we find that the terms in square brackets
all cancel, leaving us with

H2i 4+ 3HHu =0 . (8.3.262)
Dividing by H? and using H = aH, we have this in the desired form,

d*u dln (aH) du
— ———=0. 8.3.263
" da  da ( )

There are two solutions, in general, to (8.3.263). One is obvious: u = const. is a solution,
corresponding to A = uH ~ H. This is generally a decaying mode, as H decreases over
time in all reasonable (i.e., w > —1) cosmologies.

The second solution can be obtained by straighforwardly integrating (8.3.263). Solving for
1, we find
dint = dln (aH)™® | (8.3.264)

which has the solution
i~ (aH)™ . (8.3.265)

Integrating this we obtain the growing-mode solution,

A~ H/ Z (~C]l;)3 . (8.3.266)
a a

Solutions and Behaviours

In the matter-dominated era, with py =~ 0, we have H? o p,, oc =3 o (1 + 2)3, so the
decaying mode behaves as
D_(2) < H(z) xca™3/% . (8.3.267)

The growing mode instead goes as

© 4y 1
Da(2) o (1+ 2)3/2 / R (8.3.268)

— ' x——=a
. (14 2)9/2 142
This results confirm the expected behaviours for a matter-dominated universe.

Now let us consider a universe with pp # 0 so that eventually the universe tends to de
Sitter with H(z) — const in the asymptotic future. The “decaying mode” then trivially
goes to a constant at late times. In fact, the “growing mode” has the same behaviour.
From eq. (8.3.266), we see that the integral over Z gives a finite answer as z — —1 (the
asymptotic future) because the integrand goes to zero near the lower limit of integration.
(The asymptotic growth in the matter-dominated case happens because the integrand
diverges near the lower limit.) Thus we see that the growth of structure eventually halts
as dark energy comes to dominate.
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8.4 Solutions 4

1. Mukhanov-Sasaki

(a) Kinematics

We first recall a few basic definitions. The Hubble rate, and its conformal-time analogue,
are

!/
=Y, n=%=um. (8.4.269)
a a
The slow-roll parameters are
H H'
5 e
= — = 8.4.271
g He He ( )
Eq. (8.4.270) implies
d (1) _ 1+
dr \H) <

(8.4.272)
As long as 1| < 1, we can treat € as constant (to leading order) and integrate this equation
to give

1
H~—-——(1+¢), (8.4.273)
T
where here (and throughout this problem) we ignore terms O(e?) and higher.

Next, we want to determine the second derivative of 22 = 2a%¢c. Taking a derivative with
respect to conformal time and using the definitions of H and 7, we find

7 ="Mz <1 + ;n> : (8.4.274)

Taking a further derivative, and noting that n’ ~ O(g?) (the same way that ¢/ = Hen is),
we obtain

" 3
z=H2<2—5—|—77> :
z 2

(8.4.275)
to first order in the slow-roll parameters. Using (8.4.273) to replace H, we
desired result,

obtain the
G % <2 +3e 4 2n> = VQT; i , (8.4.276)
where we have defined 5 1
V=g +e+ LR (8.4.277)
The point of introducing the parameter v will become clear shortly.
(b) Bunch-Davies Vacuum

The Mukhanov-Sasaki equation for the field f = ad¢ is

" 2 Z//

(8.4.278)
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Note the similarity between the Mukhanov-Sasaki equation (8.4.278) and the wave equa-
tion for gravitational waves, cf. eq. (8.3.223). In the limit that ¢ is exactly constant, these
two equations are in fact identical.

Introducing the notation g = (—7)~%/2f, the Mukhanov-Sasaki equation (8.4.278) can be

written as ) )
d?g 1dg v
— 4+ —— 1——=1]1g=0 8.4.279
dx2+xdx+< x2>g ’ ( )
which is the canonical form of Bessel’s equation with x = —k7. The most general solution

can be written as a linear combination of the two linearly independent solutions J, (z) and
Y, (z). Equivalently, we can also work with the Hankel functions ait? (x) = Jy(z)£iY, ().
It is convenient to represent the general solution in the form

frl(r) = \fﬁ [akHﬁl)(—kr) + BHP (—k7)| . (8.4.280)

The parameters ag, B are called Bogoliubov coefficients, but for our purposes they are
just some free coefficients to be fixed by the initial condition. The Bunch-Davies choice of
vacuum means that the modes take the familiar form f; — e~ kT / V/2k in the sub-horizon
limit —k7 — 00,” up to an irrelevant constant phase. We use the asymptotic formula

2 1 .
Jim H? (—kr) = \/;/_TTWUWM) : (8.4.281)
with § = Z(v + 1/2). We find

: Ok _itkrt8) . Bk _vikr+0)
1 — — +—= : 8.4.282
i S = g e ( )

We see by inspection that the Bunch-Davies vacuum choice forces o, = 1 and 5 = 0. We
finally arrive at our key result

fi(r) = \fﬁHﬁn(—kT) . (8.4.283)

(c) Curvature Spectrum

The curvature perturbation is Fourier space is given by

1
Re— T L I (8.4.284)
z vV 2€Mp1 a

where in the second equality we’ve inserted the factor of My, explicitly to be sure we
get something dimensionless at the end of the day. As discussed in the lecture notes,
this quantity freezes at horizon crossing (—k7 = 1) and remains constant on superhorizon
scales (—k7T < 1). Thus, we can evaluate the spectrum of R just after horizon crossing and
be sure that the result remains unchanged through the (uncertain) details of reheating.

Working to leading order in the slow-roll parameters, we have the following formula for
the small argument expansion of the Hankel function

) i (3\ (—kr\T*? ]2 _s/2

HO(—kry = 0 (2) (227 — iy 2 (k)32 (8.4.285)
T 2 2 s

5Remember that during inflation the conformal time is negative, running from 7 = —oo at the start of inflation

to 7 = 0 at reheating.
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for —kT < 1. (Recall that I'(3/2) = /7/2.) Hence, we find

k3 1 H?
M) = ol Rel* ™ g | s
Pl p—aH

(8.4.286)

where the notation reminds us that we should evaluate the time-dependent quantities H

and e at the moment of horizon crossing for some given mode of interest, which makes the

resulting spectrum k-dependent.

Spectral Index

Finally, we want to compute the spectral index

(8.4.287)

(8.4.288)

(8.4.289)

L dln Ag
T Tk
Using (8.4.286), we have
1= dln H B dlne
TS T Tk dink
Recall that the derivatives are evaluated when k = aH, which allows us to replace
i _1d
dink ~ Hdt’
so we have
1= 2dlnH dlne
" TS Har T Hat
_o €
H? He
=—-2—-1n.

Thus we have

ng— 1~ -2 —n|,

which is our desired result.

Finally, let us rewrite this using the potential slow-roll parameters

M vy
Y9 174 ’

Vl/
Ny = Mglv .

Using the slow-roll versions of the Klein-Gordon and Friedmann equations

: v
3Hp~ V', 3H*~—,
M2
we can eliminate V, V' in e, to get
o

€y RS = ——.

2H2M? ~ H?

(8.4.290)

(8.4.291)

(8.4.292)

(8.4.293)

(8.4.294)

(8.4.295)
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Thus we have
EREy|. (8.4.296)
Next, let us consider the relationship between 1 and 7. Note that

€ €v

= — = . 8.4.297
" He He, ( )
Using the definition of €, and explicitly taking the derivatives gives
\ved V! d)
M2l ——— | = . 8.4.298
7 (V’ V> H ( )
Using the slow-roll equations we have
¢ v’
ik o 7 (8.4.299)
SO we can write
[~ =2 +4e|. (8.4.300)

Now, we can convert our expression for ngs — 1 from the original set of slow roll parameters
over to the potential slow roll parameters. We find

[ns—1=—2 —n=2n —6e|. (8.4.301)

2. The Higgs as an Inflaton?

(a)

The Higgs Potential

You all know what the Higgs potential looks like. We can see two regions which could
potentially be suitable for inflation. Around ¢ = 0 the Higgs potential has a hilltop region,
around which the potential is very flat and might therefore lead to a period of slow-roll.
Far from the origin, |¢| > v, the potential looks like A¢*, which we already know is a
slow-roll type potential, since the potential is much larger than its derivatives.

We’ll examine both of these regions individually.

To do this we will need the slow-roll parameters. Using the potential and its derivatives,
2

V(@)= A (0 —v7)° . V(6) = (62 —v?) . V(@) =4X (3> —0?) , (8.4.302)

we can compute the slow-roll parameters, €, = %Msl (V'/V)? and 1, = M§1V” JV, as
(252

=M N oy

(8.4.303)

Hilltop Region

The hilltop region, between ¢ = 0 and ¢ = v, looks something like the nearly-flat potential
that is often considered in slow-roll. However, as you should convince yourself, the slow-roll
parameters are never simultaneously small in this region.

We can understand this as follows. Near the origin, ¢ < v, €, ~ (Mpl¢/v2)2 while
Ny ~ (Mp1/v)?, so while €, is arbitrarily small, 7, is very large, since My = 2.4 x 10'® GeV
dwarfs v = 246 GeV. Near ¢ = v, both slow-roll parameters clearly diverge. There is no
intermediate region where both parameters are small — this is due to the small size of v
(and therefore ¢) compared to My, which ensures that €, and 7, both generally have very
large amplitudes.
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(c) Large-Field Region

For ¢? > v, the potential looks like V = \¢* and so as you would expect, v drops out of
the slow-roll parameters as well,

12M3
¢2

8M7
€y R ———
¢2

Clearly, we get slow-roll inflation when ¢ = \/gMpl.

and 1y ~ (8.4.304)

The end of inflation is defined to be the time when the slow-roll parameter ¢, reaches 1,
S0 ¢p = QﬂMpl. As we know from the notes, the number of e-folds from a given time to
the end of inflation, N = In(ag/a), can be calculated by

ap | o H o2 1 (g 2
N:/ a:/ d¢>~%/ AP (8.4.305)
a a é 10} ¢V 2€y Mpl 8Mpl

where we’'ve used the fact that ¢, > ¢g. (Note that the integral picked up an overall
minus sign because ¢> < 0.) At N, = 60 e-folds before the end of inflation, the field value
is therefore ¢, = /8N, M ~ 22M,).

From the notes, we know that for standard slow-roll inflation (such as this), the amplitude
of scalar fluctuations produced at a particular time is given by

1 1 H?
A= - 4.
5 8nle Mgl (8.4.306)

Using our expression (8.4.304) for e, and the slow-roll Friedmann equation, H? ~ V/ (3M§1),
we can calculate this as
o 1 1H?
5 8n2e Mgl
_ Ll a v
- 8m28MZ 3M
_ 1L M
82 24MS)
1 A(8MZN,)?
872 24M0,
BANS
- 3m2

(8.4.307)

The Higgs mass is defined around ¢ = v, i.e., where we measure it in the lab (at energies
not much larger than v), m% = V" (¢ = v) = 8\v?. In terms of the Higgs mass, then, the
amplitude of the scalar power spectrum is

N3 /rmg\2
2 * H
As = 52 (—U ) , (8.4.308)

or, plugging in numbers (N, = 60 and v = 246 GeV, as you're given in the examples
sheet),

(8.4.309)

2
A2 zO.lQ( i )

1 GeV
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So how does this compare to reality? Not well. To match observations, which yield
A2 =2 x 1072, we would need a Higgs mass around 10~* GeV. This is nowhere near the
actual Higgs mass, my = 125 GeV.

Saving Higgs Inflation?

This mismatch doesn’t spell disaster for getting inflation out of the good old Standard
Model. We just need to rethink one of our (previously unspoken) assumptions: that the
Higgs only couples to gravity through the Higgs action.

You are given the end result action and are just asked to start calculating from there. But
it is worthwhile — for your own edification — to briefly discuss just what these steps are
doing.

There’s a very clever idea behind this non-minimal coupling, and it relies on the fact that
the Higgs potential at large ¢ looks like ¢*. In transforming from the original metric
guv to the conformally-related metric G,, = f(¢)gu, the metric determinant becomes
V=9 = f72(¢)v/—3. For large ¢ (where we want our Higgsflation to happen), f(¢) looks
like ¢2, which means our overall action gets divided by f~2(¢) ~ ¢*. But this is exactly the
behaviour of our original potential at large ¢! So for ¢ > My, the potential flattens out
when we transform to this new metric g,,. This is the reason this particular non-minimal

coupling gives us slow-roll inflation.

You may object — and quite rightly! — that in doing this conformal transformation,
we’ve also messed up our kinetic terms. In particular, the kinetic term for ¢ is definitely
not our familiar %(8@5)2. This is mostly due to the fact that /—gR contains derivatives
of g, so in switching to g,, we will pick up a lot of terms which involve derivatives of
f(@). In order to get a scalar field with canonical kinetic terms, we need to redefine our
field from ¢ to ®, using the definition given in the problem.

This step will not affect the fact that the potential flattens, but it will affect the corrections
to flatness, i.e., the slow-roll parameters, and we need those in order to make predictions.

These computations are largely similar to the ones we did in the first section of the problem
— the only difference is the potential (and the fact that we write ® instead of ¢). For

4 2 @
Vi(g) = AMy (1 - 26_\/;MPI> , (8.4.310)

large &, the potential is

g2

and its derivatives are

IANMB _ 2 e M2 _ 2 e
V’<¢)=\/;zgzple Vst V9 =g VT (8.4.311)

We are interested in the limit ® > M, where the potential is very nearly flat. We can
easily compute the slow-roll parameters in this regime,

4 2 )2 3 4 -7
e~ e 8 Mpl = 1773 and 7y ~ —3€ \/;MPI . (8.4.312)

Now, we can once again compute the number of e-folds to the end of inflation in terms of
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the field value, assuming ¢, > ¢,

= (8.4.313)
We know (see the lecture notes) that the scalar spectral index ng is given by
ng=1—6e, + 21, = 1+ 21, . (8.4.314)

Using the relation we just derived between N, and 7, we can write this as

2
=lem=1—— 4.31
n n N, (8.4.315)

as desired.

We know from the notes that the scalar power spectrum has amplitude

1 1 H?
A= - 4.31
s 871'2 €y Mgl ) (8 3 6)
while the tensor spectrum is given by
2 H?
2 _
A} = PM—QI . (8.4.317)
P
Their ratio is simply
_Af
r= Az = 16e¢, . (8.4.318)
Using e, = 372 and 7, = —N;! we find the desired result,
12

Finally, we can get a numerical estimate for the Higgs-gravity coupling parameter, £. The
amplitude of scalar fluctuations is
Az L1 H?
ST 8n2e, M? 2
14 5,V
gr2 3’ 3Mp, 4
14 5 A
8723  *12¢2
N2 1
7272 £2
=2x107Y. (8.4.320)

Q
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For N, ~ 60 this implies & ~ 50000v/\.

The Higgs should not be significantly affected by this gravitational couplings at the rela-
tively low energies where the LHC operates, so we can calculate A from m%l = 8\v? with
mpy = 125 GeV and v = 246 GeV, to estimate & ~ 9 x 103.

This coupling we’ve postulated between Higgs and the metric is not too strange from a
fundamental physics perspective, but such a large value of £ is. It seems unnatural, in
the sense that the theory’s structure should be destabilized by quantum corrections at
energies lower than the inflationary scale. This could be circumvented by fine-tuning the
corrections away, or by adding new dynamical fields at higher energies. But then is this
any more economical than other theories of slow-roll inflation?

3. Tensors and the Lyth Bound

(a)

Tensor-to-Scalar Ratio

The amplitudes of the curvature and gravitational wave spectra are:

1 1H? 2 H?
2 2
=—-——, Ai=——. 8.4.321
5 8m2e Mgl ET g2 Mgl ( )
Taking the ratio, we have .
_ A7 8¢
r= Kg =16 = H2M21 (84322)
p
Field Excursion
The result (8.4.322) can be written as
r 1 do¢ 2
=== , dN = Hdt . 8.4.323
8 <Mp1 dN) ( )

Hence, we can write

N*
A6 [T awy/m) (8.4.324)
M, Ng 8

For € ~ const. we have r = const. and hence

N*
A¢ , Jr%) dN = ,/“N*)N* , (8.4.325)
My, 8  JNp=0 8
A¢p N, r
e AP . 8.4.326
M, — 60\ 0.002 ( )

Typically we need N, ~ 60 to solve the horizon and flatness problems, while » = 0.001

which leads to

is roughly needed to have any hope of detecting primordial gravitational waves via the
B-mode polarization of the CMB. To satisfy both of these, we see that we would need
A¢ 2 M.

The Energy Scale of Inflation

The amplitude of the tensor spectrum is

2 H? 2 Vv
JAN P R A 8.4.327
bomrMZ o 3m? MY ( )
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Using A? = rA2 we get
372 14
VA~ (27’A§> My . (8.4.328)
To get a number out of this we use A2 ~2.2-107 and My ~ 2.4 - 10! GeV. We find
VA 3301/ 1010 GeV . (8.4.329)

For r ~ 0.01 (which is near the current observational limit) this gives an insanely huge
energy scale V4 ~ 106 GeV. This exceeds the highest energy scales that will be probed
at the LHC by a factor O(10%3)!

Implications of Detecting Primordial Gravitational Waves

The interpretation of these results are interesting, but probably not relevant for your exam, so
we’ve decided to use this subsection to collect some musings which you may or may not find
interesting. For the sake of argument, let’s suppose that gravitational waves were detected at
the level 7 ~ 0.01. What would we learn about the microphysics of inflation? Well, first off we’d
know that the energy scale associated to the inflaton field, V'1/4, is absolutely enormous from the
perspective of contemporary particle physics experiments. As noted above, V4 ~ 1016 GeV is
roughly 13 orders above the highest scales that can be probed at the LHC. This tremendously
high energy scale is a part of the reason some authors have become interested in trying to embed
inflation into some complete theory of particle physics, such as string theory.

Another interesting feature of a model with detectable r is the fact that the inflaton must
have moved a super-Planckian distance in field space, A¢ 2 My, from the beginning of inflation
until the end. Such huge field displacements, it turns out, are rather problematic to obtain in
realistic particle physics models. Part of the problem is that the inflaton potential V(¢) can
recieve corrections which modify its form

V(¢) +0V(e) =V(¢)

1 — | . 8.4.330
+) en M;?l] ( )

These corrections can be thought of as arising from “integrating out” Planck-scale degrees of
freedom, and the exact values of the coefficients ¢,, will depend on the (unknown) details of very
high energy physics. Absent some symmetry to forbid such terms, one could generically expect
¢n = O(1), in which case we see that the series diverges. This is another way of saying that the
form of the “true” potential V' 4 dV becomes very sensitive to unknown high energy corrections.
To ensure computational control, we typically require ¢, < 1 which often presents a fine tuning
problem for inflationary model building.

SFor the sake of this discussion, it wouldn’t make much difference if we took r ~ 1072 instead.
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