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Perturbations in the universe

e According to cosmological principle, the universe is
homogeneous and isotropic on large scales.

e In principle, the universe cannot be perfectly
homogeneous and isotropic, because structures in the
universe such as clusters of galaxies, galaxies, etc, cannot
be created in the completely smooth universe.

e In the standard notion, structures in the universe are
developed from small inhomogeneity and anisotropy in
the early universe.

e The small inhomogeneity and anisotropy can be treated

as perturbations around the homogeneous and isotropic
universe.



Perturbation in the metric tensor

e In the subsequent topics, we will study how to quantify
perturbations in spacetime and matter in the universe by
decomposing metric and energy-momentum tensors into
background and perturbed parts.

e The reference for this topic is [arXiv:astro-ph/0101563].



Perturbation in the metric tensor

e To describe small deviation from the homogeneity and
isotropy of the spacetime, we decompose the metric
tensor into the background part and perturbed part as

Euw = guu + 5g;u/ ) (1)

where g, and dg,,, are the background and perturbed
metrics.

e We will use an over bar to denote the homogeneous and
isotropic background quantities.

e The metric g, is the FLRW metric, while |0g,, | < 1.

e The components of the metric can be determined from
the symmetry of the systems, e.g.,
Boo = —1, 8 = 0,85 = a*(t)dy.



Perturbation in the metric tensor

e In the perturbed universe, there is no special symmetry to
determine the components of the perturbed metric.

e Hence, we parameterize each component of the perturbed
metric as follows:

e The component 0 — 0 can be expressed in term of a
scalar function (7, X) as

goo = —a*(7) (1 +2¢(7, %)) , (2)

where 7 = [ dt/a is the conformal time and || < 1
denotes deviation from FLRW metric.



Perturbation in the metric tensor

e The components 0 —/ and i — 0 can be expressed in term
of a three-dimensional vector.

8io = 8oi = 32(7')Vi(77 X) . (3)

Note that there is no background part in gp;.

e From the vector analysis, any vector field can be
decomposed into curl- and divergence-free parts, so that

go =g = a(7) (Bi(7, X) = §(7.%)) ,  (4)

where subscript ; denotes (9/(9Xi and §;; = 0.

e We see that gjg can be expressed in terms of a scalar
function and divergence-free vector.



Perturbation in the metric tensor

e The component gj; can be expressed in terms of scalar
function as

gj = a*(7) [(1 = 26(7, %)) 05 + 2E (. X)] .~ (5)

e This component of the metric can also be expressed in
terms of the divergence-free vector F; as

gy = a°(7) (Fij(7, %) + Fji(7.¥)) - (6)

e The last part of hj; is the three-dimensional tensor which
is tressless and divergence-free :

dj = a*(7)H;(7,X), where H! = Hg =0. (7)



Perturbation in the metric tensor

e Hence, we have
gy = a [(1—20)0; +2E;;+ Fij+ Fj + Hy] . (8)

e The perturbed metric can be parameterized by four scalar
functions, v, ¢, B, E, two divergence-free vectors, S;, F;
and a traceless and divergence-free tensor Hj;.

e There are four degrees of freedom from four scalar
functions, four degrees of freedom from two
divergence-free vectors, and two degrees of freedom from
tressless and divergence-free tensor, so that we have ten
degrees of freedom in total.

e These scalar, 3-D vector and 3-D tensor fields completely
characterized components of the metric tensor.



Perturbation in the metric tensor

e For linear perturbations, these scalar, vector, and tensor
fields evolve independently.

e This means that the perturbation in metric tensor can be
decomposed into scalar, vector, and tensor perturbations
(or modes).



Perturbation in the energy-momentum tensor

e The energy-momentum tensor of the perfect fluid can be
written in the general form as

T,uu — (p + P)U;LUZ/ + g/u/Pv (9)
where p, P, and u* are the energy density, pressure, and

four-velocity of the fluid.

e The energy density and pressure are scalar quantities,
they can be decomposed into a background and a
perturbed parts as

p=p(r)+6p(r,X), and P = P(r)+0P(r,%). (10)

e In the homogeneous and isotropic background, the spatial
component of the four-velocity must vanish, i.e.,

1
u'=—-(1,0,0,0), u,=a(-1,000).  (11)



Perturbation in the energy-momentum tensor

e The temporal and spatial components of the four-velocity
can also be expressed in terms of scalar functions and
divergence-free vector V', so that

(v + V), u=a(w,vi+ V), (12)

ut =

Q.)||—‘

e The temporal component of u* is estimated from

1
guu'u’ =—1, — u®=>(1— 1)+ higher order.
a
(13)
e Hence, we have

(1—¢,v’+V) u,=a(=1—=1,v;+ Vi),
(14)

ut

mll—l



Perturbation in the energy-momentum tensor

e The energy-momentum tensor can be expressed up to the
first order perturbations as

= (p+P)(Bi+vi+Vi=5), (16)
T, = —(p+P) (v + V'), (17)
T, = (P+4P)4. (18)



Perturbation in the energy-momentum tensor

e For general fluid, the component i-j of the
energy-momentum tensor can contain traceless and
divergence-free parts:

T/ =(P+6P)s + !, (19)

where 7rJ’f describes anisotropy in the spatial part of the
energy-momentum tensor.

e The anisotropic perturbation 7rJ’: can be decomposed into
scalar, vector, and tensor parts as

i i1 i 1 i i
m =T = SO0+ (wJ+wj>+nj, (20)
traceless

where A? = 9;0', 7Tf,- =M= HJI:,i =0.



Gauge degrees of freedom

e Inserting the perturbed metric and perturbed
energy-momentum tensors into the Einstein equation, we
get two evolution equations and two constraint equations
as follows:

e Components 0 — 0 and 0 — / yield energy and momentum
constraint equations

. m2
3H (64 He) — D% — HAs = ——La0p (21)
. m2 —
o+ HY = —22a (5 +P)(v+B), (22)
where a dot denotes the derivative with respect to the
conformal time, H = a/a, and 0 = —B + E is the shear
perturbation.



Gauge degrees of freedom

e Components /i — i/ and i # j yield two evolution equations
. . . . m2
b+ 2Ho + Hip + (2% + H2> ¥ = —2a%P (23)
o5 +2Hos — 1+ ¢ = maM, (24)

e The temporal and spatial components of V,, T/ = 0 give
the conservation equations for energy and momentum

55+ 3H(3p+ 0P) = (5 + P) [3(;5 A%yt E')}275)

o .. - 2
E[(p+P)(v+B)}+5p+§An

= —(5+ P) [ + 4H(v + B)] . (26)



Gauge degrees of freedom

e For scalar perturbation, the metric perturbation can be
described by four scalar functions, ¢, B, E and .

e The perturbation in the energy-momentum tensor can
also be quantified by four scalar functions, dp,dP, v and
M.

e However, if we combine the evolution equations from
VI/T: = 0, and the perturbed Einstein equations, only
five equations are linearly independent.

e In general, the relation between dp and P is given by
5P = cZop, (27)

where c? is the sound speed square of the perturbations.



Gauge degrees of freedom

e This suggests that two degrees of freedom are not
physical degrees of freedom. They are gauge degrees of
freedom.

e The gauge degrees of freedom are consequences of
diffeomorphism invariance of GR.

e The gauge degrees of freedom can be eliminated by
performing calculations in suitable hypersurfaces or by
using gauge-invariant variables which are suitable
combinations of perturbed variables.

e In this lecture, we briefly discuss how to eliminate gauge
degrees of freedom by choosing suitable hypersurfaces,
and we will focus on scalar perturbations.



Gauge degrees of freedom

e The gauge transformations in GR are the coordinate
transformations.

e The infinitesimal coordinate transformations can be
written as

F=1+rx"), ¥ =x"+&(1,x), (28)

where £9 and ¢ are gauge degrees of freedom. These
quantities are the perturbed quantities because they
depend on spatial coordinates.



Gauge degrees of freedom

e The metric tensor can be written in terms of the line
element ds? which is a scalar quantity as

ds®> = g dx"dx”
= a(n){ - (1+2¢)dr* 4 2B drdx’
+[(1 — 2¢)d; + 2E ;]dx"dx’ } . (29)

e \We now consider gauge transformation of this line
element.

e Up to the first order in the coordinate transformations,
the infinitesimal coordinate transformations of the gauge
functions are

§0(7_7Xi) = 50(%7 )?i) ) 5(7‘, Xi) - 5(7275(';) ) (30)



Gauge degrees of freedom

X The relation between the gauge function at different
coordinates can be computed as

] ) 8 0 8 0 . .
Qrx) = CER) G| (- | (%)
_gope oy O Lo, iy 00| O€

= f(T,X)—E*S(T,X)—E*a—XJO—F...
= &%, %) + higher order . (31)

where subscripts , and o denote evaluation at (7, %') and

(7, x").



Gauge degrees of freedom

e From the gauge transformation:
F=r+(rx), F=x+&'(r,xX). (32
e The inverse coordinate transformations are

T=7F-(r.x)=F - (F %), X =K -¢(7 %),
(33)

e Hence, we have

dr = d7 — d7 — Od%’, o' = d¥ — £'dF — ¢ld% .
(34)



Gauge degrees of freedom

x The calculation is

0 0
dr = di— 2| gr_ 9
87— " 8(X)’ .

= d7 — £0d7 — Sd%'.

dx’

e For the scale factor, we have

a(7) = a(7) + als(tau — ) = a(7) — £24(7).



Gauge degrees of freedom

e Each part of The line element in the new coordinates is
transformed as

—a%(7)(1 + 2¢)dT?

= —a*(1 — 28°H)(1 + 2¢)(d7? — 26°d 7 — 2¢%d%'dF).
(37)

2a%(7)Bd7dx’

= 22°B;d7dX' + higher order . (38)

a’(1 — 26%H) [(1 — 2¢)8; + 2E ;] dx'dx!

= a*(1 = 26°H) [(1 — 2¢)d; + 2E ] x

(d%'d% — 28 d7d% — 26, dS*dS) . (39)



Gauge degrees of freedom

e Combining all parts, we get

d? = —a |1+2(— EH - )| d7? +22%(B,; + € — )
— —
= =B,

+ |12+ H)5; | +2(E;—¢€y)| dRdS

= =E;



Gauge degrees of freedom

e Under gauge transformations, the perturbation variables
are transformed as

= p—HE -, B=B+—¢, (41)
= ¢+HMHL, E=E—¢. (42)

a1 T

e If we perform the calculation on hypersurfaces where
E =0, the spatial gauge degree of freedom can be fixed
such that £ = E.

e Under the gauge transformation,

B-E=B_E+¢, (43)



Gauge degrees of freedom

e The temporal gauge degree of freedom can be fixed such
that £° = —B + E if we perform calculation
onhypersurfaces where B —'E = 0.

e This means that if we work in the hypersurface on which
B = E =0, both temporal and spatial gauge degrees of
freedom are completely fixed.

e The hypersurface on which B = E = 0 can be reached
from any hypersurfaces if we choose { = E and
0 =FE—

e This gauge choice is the Conformal Newtonian Gauge.

e We see that two gauge degrees of freedom could be
eliminated /fixed if we set two of the perturbation
variables to zero.



Gauge degrees of freedom

e Fixing the gauge can also be done by choosing the gauge
degrees of freedom based on the gauge transformation
properties of the perturbations in a fluid.

e In general, the gauge degrees of freedom may not be
completely fixed even though two perturbation variables
are set to zero.

e One of the gauge choices, which is often used in
numerical integration, is the Synchronous gauge in which
the perturbations in the temporal components of the
metric vanish, i.e., zZ = B=0.

e For the Synchronous gauge, we have

1 f(x'
=2 [aray+ 120, (44)
a a
where f(x') is an arbitrary function of spatial coordinates
which is a residual gauge freedom.



Gauge degrees of freedom

e To fix a residual gauge freedom, we have to put additional
conditions by performing calculations in a special frame of
fluid, e.g., a rest frame of cold dark matter.

e In the subsequent topics, we will present the evolution
equations for the linear perturbations in the universe.

e The reference for these topics is [arXiv:astro-ph/9506072].



Evolution equations for perturbations

e In the following studies, we will focus on the Newtonian
gauge in which the line element takes the form

ds® = a*(1) {—(1+2¢)d7> + (1 — 2¢)dx'dx;} . (45)

e The following equations will be expressed in the Fourier
space

(T, X) = / dPke’ (1, k) (46)

e According to our reference, velocity perturbation is
described in terms of its divergence, and the anisotropic
perturbation is described in terms of shear stress:

_ - - Aa 1 ,
(p+P)=ikloT%, (p+P)o=—(kk — §5,-1-)2'1-,

(47)
where k = k/|k|.



Evolution equations for perturbations
e Here, the traceless component of T'; is
Y =T, - 553 T“, (48)
e The perturbed Einstein equations in the Newtonian gauge
yield
. m2
3H (0 + M) + K20 = —S2as0p,  (49)

2

k> (d) T H¢> = %az(ﬁ + P)d, (50)
é+7{(¢+2¢2)+ (2’H+’H2> W
m2
(d) V)= a’opP, (51)
3mg

k(¢ — ) = —La(p+ P, (52)



Evolution equations for CDM perturbations

e The perturbation in energy density dp is described by the
dimensionless density contrast § = dp/p.

e The cold dark matter (CDM) can be described by a
perfect fluid, so that the evolution equations for its
perturbations can be computed from V, T = 0:

.= —0.+3p, 6. = —36C+k2w, (53)

where subscript . denotes CDN.

e During some epochs, the mean free path of photons and
neutrinos is very long, so that the perturbations cannot
be described by perfect fluid.



Evolution equations for perturbations in radiation

e To describe perturbations in photon and neutrino, we use
the distribution function which is defined on the phase
space.

e The phase space is spanned by conjugate momentum and
coordinates.

e The conjugate momentum is the spatial component of
the 4-momentum with lower indices denoted by P;.

e To remove the contribution from the metric tensor, it is
convenient to work with momentum in the orthogonal
bases p; defined as

n" p.p, = —m* = g"’P,P,. (54)

Here, n*¥ is the Minkowski metric, and m is a rest mass
of a particle.



Evolution equations for perturbations in radiation

e The relation between P, and p, is given by

P. = e}ps, so that g‘“’eﬁeﬁ =, (55)

v

where efj is a tetrad.

e For the Newtonian gauge, we get

Po=1+v)p, Pi=elpj=all—¢)pi.  (56)

e The energy of a particle defined in orthogonal bases is

e=po=/pip+m=\/pPP+m, — Py=—(1+1)e.
(57)



Evolution equations for perturbations in radiation

e An infinitesimal volume of phase space is
dV = dx'dx?dx3dP;dP,dPs, and the number of particles
in a unit volume is

dN = f(x', P;, Py,7)dV . (58)

e In the background universe, the distribution function is
the Fermi-Dirac distribution for fermions and the
Bose-Einstein distribution for bosons given by

g& 1
fole) = oz omey (59)

where Tq = aT denotes the present temperature of the
particles, the factor g is the number of spin states.



Evolution equations for perturbations in radiation

e The energy-momentum tensor can be written in terms of
the distribution function and the 4-momentum
components as

P.P, .
TW:/dPldPgdP3(—g)_1/2%f(x’,Pj,T), (60)

e In the perturbed universe, it is convenient to quantify the
momentum in terms of

q; = ap;j, (61)

e Moreover, we define the direction of the momentum g;
through the unit vector n; by

q; = qnj, where n'n; = 51’ (62)



Evolution equations for perturbations in radiation

e The distribution function can be decomposed into the
background and perturbed parts as

f(xiv Pj7 Po,T) - fb(q) [1 + w(xi’ q, nj77—)] ) (63)

where we have used € = g for massless particles.

e The perturbations in (—g)~'/2 and the volume element
are

(—) V2 =a*(1-¢+3¢), dP.dP2dP; = (1-3¢)¢°dqdQ,
(64)
where d€2 is the solid angle associated with direction n;.

e For example, the component 0-0 of the
energy-momentum tensor is

PoP°
T% = /dPlszdPg, (—g) Pl f=—a" / q*dq dQ fo(q)

PO
(65)



Evolution equations for perturbations in radiation

e For the background, we have

p=atan / ¢*da fy(q) (66)

e For the perturbation, we get

Sp=36P=a" / q°dqdQ gfy(q)V . (67)
e In the Fourier space, the distribution function becomes
f(x'.q,n,7)— f(k',q,n;,7), (68)

where k' is a wavenumber of the Fourier modes.



Evolution equations for perturbations in radiation

e We can integrate out g from the distribution function,
and expand the angular-dependent part of the resulting
function in a series of Legendre polynomials Pj(k - /i) as

sy o J@dah(aV g~ .
)= T i)~ 2 CHDAK PG,
(69)

X1

F(

where y1 = k - A = cosb.
e For example:
3dqfy(q)V
555/) /deqqo)
Mf&m&)
= —/dQF

_ 2/duz _))(@1 + DF(KT)P(1) = Fo.




Evolution equations for perturbations in radiation

X In the previous calculation, we have used
dQ =27sinfdf = —2nd cos ) = —2ndp, and

/ PL(x) P () e = QIL—H(SI"" (70)

x For 6 and o, one can shows that

3 1
ezszl, O'IEFQ. (71)



Evolution equations for perturbations in radiation

e The evolution of the distribution function is described by
the Boltzmann equation which is given in real space by

of . dx’ Of L dq dq Of L ani dn; Of of (72)
or  drox | drdq  dr on;,  \or ).’
where the term on the RHS corresponds to the collision
between the group of particles described by the
distribution function and the other particles.
e The term dx’/dT can be written as
dx'  dhdx  d\

o “drdx (73)

where X is an affine parameter.
e We can compute d\/dT as

L dx® dx 1



Evolution equations for perturbations in radiation

e Hence, _ _ _ _
dx'  didx" P qn'
dr  drdx PO ¢’

where we keep the first order in perturbation.

(75)

e The term dq/dT can be computed from the geodesic

equation
d?xH dx® dx?
re =0. 76
e gy G (76)
e Using d)\/d7 on the previous page, the above equation
becomes

dpP
PO? + T gPYP% =0, (77)



Evolution equations for perturbations in radiation

e Hence, we get

d
dz = q0 — e(q.7) MmO (78)

e The terms dn;/d7 and Of /On; are first order in
perturbation, so that we ignore the multiplication of these
terms.

e The Boltzmann equation in the Fourier space is

ov .q, -~ . dinfy | . R A 1 [of

(79




Evolution equations for perturbations in neutrino

e let us first consider the case of massless neutrinos, for
this case, there is no collision term, so that

@\U P dinfy [ . . B
i Tk )w+d|nq[¢_’5(k )w]_o.(so)

In the following calculation, we will set € = q.
e We integrate the above equation over gdq and divide
the result by [ ¢°dq as

oV dfy ., .
/ q°dg {% + ikpfoW + q—° [ — :kw]} =

oF . dfy W ikPy(1)¢]
kP1(1)F =
o+ kP (1) +/ *da g Tohda 0,

=—4 [ g*dqfy

g—f kP () F — 4Po(1) [ — ikPy()i)] = 0. (81)

e To extract the evolution equations for the multipole



Evolution equations for perturbations in neutrino

e The coupled differential equations for the multipoles
expansion of neutrino distribution:

. 4 .
51/ - __91/ 4 )
3 +49
. 1
0, = K (Z&/ - UV) + K%,
k

F,i = m[lFu(/—l)_(/"‘l)Fv(/H)}’ [=2.



Evolution equations for perturbations in photon

e We now consider the Boltzmann equation for the photon.

e For the photon, there is a coupling between photons and
charged particles.

e The coupling arise from the Compton scattering between
photons and electrons and the effects of scattering are
transferred to baryons through the Coulomb interaction
between baryons and electrons.

e Since the mass of the charged baryons (protons) is much
larger than the mass of electrons, the main contribution
to the scattering process comes from baryons (through
baryon velocity).

e Hence, this scattering process is usually called the
coupling between photons and baryons.



Evolution equations for perturbations in photon

e the Boltzmann equation for photons is

O ik — a0~ ik
d

1
= aorne | Fo+ 4ikpv, — F — §F2P2 ()] - (83)



Evolution equations for perturbations in photon

e The EOM for the multipole moments of photon
perturbations are

. 4 .
(S,y = —gé’v +4¢7
) 2 1 2
0, = k (Z(s7 - 07) + K2p — ango (0, — 6b)
- . 8 3
nyz = 207: 1—597—ng73

9
—ganeaTmy + Eanear (nyo + G.YQ) ,
k

F’Y/ - 2/ + 1 [/F'Y(lfl) - (/ + 1)F'Y(/+1)]

_aneO'TF'y/a [>3 (84)



Evolution equations for perturbations in baryon

e For baryon, we have to add the contribution from
energy-momentum transfer due to photon coupling to the
evolution equation for 6, such that the energy and
momentum of photon-baryon fluid are conserved.

e The evolution equations for perturbations in baryon are

Sb - 3¢ - 9b7 (85)
0, = —HO,+ k2c20s + k2 + 3_aneUT(9'7 —0p) .
Pb
(86)

where ¢} is a baryon sound speed.



The important processes for CMB

e In the early times (the age of the universe j 300,000
years), the mean energy of photons is large.

e As a result, free electrons and nuclei cannot be combined
to form stable neutral atoms, consequently, the number
density of free electrons is large.

e During this epoch, photons and baryons are tightly
coupled.

e The coupling arises from the Compton scattering between
photons and electrons and the effects of scattering are
transferred to baryons through the Coulomb interaction
between baryons and electrons.



The important processes for CMB

Due to the tight coupling, the mean free path between
photons and baryons is very short such that they move
together which can be described by a single fluid called
photon-baryon fluid, and the higher multipole moment of
photon perturbation is suppressed.

However, on length scales that are larger than the mean
free path between photons and baryons, the photons can
diffuse through the baryons

As a result, the perturbations in energy density of the
photon-baryon fluid evolve like the force oscilation.
When the universe further expands, the mean energy of
photons reduces, consequently, stable neutral atoms can
be formed.

At the recombination epoch, the number density of free
electrons reduces rapidly due to the formation of the
neutral atoms, as a result, photons can freely propagate.



The important processes for CMB

e The epoch in which most of the photons last scatter with
the charged particles before freely propagating to the
observer at present is the last scattering surface.

e During the free propagation of the photons, the
perturbation in the energy density of the photon-baryon
fluid generates higher multipole moments of photon
perturbations due to the free-streaming process.

e The free-streaming leads to an oscillation pattern in CMB
angular power spectrum.

e The oscillation of the perturbations in energy density of
the photon-baryon fluid at the last scattering surface
leads to the oscillation pattern in the power spectrum of
matter.



The important processes for CMB

e The freely propagating photons are redshifted due to the
expansion of the universe such that the wavelengths of
the photons are in the range of microwave and infrared
when they reach the observer at present.

e These photons are distributed almost smoothly in the
universe, so that they can be viewed as the photons

background in the universe known as the Cosmic
Microwave Background (CMB).

e To connect predictions from the cosmological models
with observations, the temperature perturbations of the
CMB are quantified by the power spectrum.



The angular power spectrum of CMB

e To study perturbations in photons, we expand the angular
part of the distribution function as

(=021 + DF(k, T)Pi(n),  (87)

WE

F(k, A7) =
/

Il
o

e Since § = Fpand 6 = 45T /T = A7, we define
F(k, A, ) = 4A7(k, A, 7).

e The relation § = 46T /T = At is computed from
poc T4



The angular power spectrum of CMB

e Hence, the angular-dependent of the temperature
perturbation in photon can be expanded as

Ar(k A7) =Y (=)l + A7k, 7)Pi(1),  (88)

e In the observation of CMB, we observe the CMB photons
at present and at our location in different directions 7, so
that we expand A—-dependence in terms of spherical
harmonics Y,(A) as

AT ()?0, ﬁ, 7'0) = Z aim Ylm(ﬁ) ’ (89)
I,m

where subscript ¢ denotes evaluation at present.



The angular power spectrum of CMB

e We define the angular power spectrum C; of the CMB
perturbation/anisotropy in terms of a, as

(a,ma,*,m,) - 5//’5mm’ Cl . (90)

e Due to the statistical homogeneity and isotropy of the
perturbation fields, the angular power spectrum C; does
not depend on position and m, and (a;,aj,,,) vanishes for
I# 1" or m#m.



The power spectrum of matter

e The power spectrum of matter at a given redshift can be
computed from the transfer function:

d(k,z) 6(0,z = z)

5(0,z) 6(k,z=2z)’
where §(k, z) is the density contrast of matter for wave
number k and redshift z, and z; is the redshift at the
initial time which usually is the end of inflation.

e The power spectrum of matter is

Pi(z) = T?(k,2)P;, (92)

where P; is the primordial power spectrum computed
from cosmic inflation.

e For the scalar perturbation, the primordial power
spectrum can be parameterized as

k 1—ns(k)
Pi = As (k_o> ; (93)

T(k,z) (91)
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Figure: Angular power spectrum of the temperature perturbations
in the Cosmic Microwave Background (CMB).
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Figure: Oscillation in the matter power spectrum due to baryon
oscillation: Baryon Acoustic Oscillation (BAO) (from
arXiv:0910.5224). QO varies from 0.1 (top) to 0.4 (bottom).



Tight coupling

e Before recombination the electron number density n, is
large, so that photons and baryons are tightly coupled,
with

anor =1, > HA~T L. (94)

e In the tight coupling limit, we suppose that 7./7 < 1 and
kt. < 1.

e In this limit, we have

0, = an.or(fy—6,), (95)

. 4p

by = Dlangor(0, —0p). (96)
30b



Tight coupling

e Hence,

b, — 6 = —aneor (1 ¥ 4”) (6, — 6.

30b

yielding 6, — 0, exponentially.

e Due to tight coupling, we have
FIW/— aneaTF /23

Hence, F,, decreases exponentially.

(97)

(98)



The acoustic oscillation

e The temperature perturbations is related to the average
distribution function F as
1 1 1
ATzsz. = ATO:ZF702167. (99)
e Above the photon diffusion scale, the photons and
baryons are tightly coupled.

e At recombination, the diffusion length is much smaller

than the Hubble horizon, implying that we consider small
scale perturbations.



The acoustic oscillation

e The evolution equation for the temperature perturbations

is _

; R .

A1+ H—RATO + k*Aro = F, (100)
where c? is the sound speed of the photon-baryon fluid
defined as 1 1

2=__—_ 101
“~31+R’ (101)
and the force term is
. k2 R .
=¢— — —0. 102
F=b- 30+ 50 (102)

e The above equation describes the oscillation of the
photon-baryon fluid in the gravitational driving forces due
to external potentials.



The acoustic oscillation

e The solution can be computed using the Green method as

[1+ RY*Arg
3 . 1.
= ATO|,coskrs—|—%—[ATO+ZRATO],sin kr, (103)

+\/T§ / IT dr'[L+ R(7)*/*sinlkry(7) — krs(7)]F(7')

where a subscript ; denotes evaluation at the initial time.

e Here, r. is the sound horizon defined as

I’SE/ c.dT'. (104)
0



The acoustic oscillation

e For an adiabatic perturbations, we have
A 1o o sin(krs) (105)

e Hence, A has peaks at

2n+1

krs =
2

7, ne{0,1,2,..}.  (106)



Perturbations on large scales

e On large scales the effect of the tight coupling is
negligible, so that the evolution equations for radiation
(photon + neutrino) and matter (CDM + baryon) can be
read from Eqgs. (84) and (85) as

) 4 . 1
O = —30r+49, Hr:k215r+k2¢, (107)
om = 3¢ —0Op, Op=—HOn+ k>, (108)

where a subscript , denotes radiation while a subscript ,
denotes matter.



Perturbations on large scales

e To solve the previous evolution equations, we use the
perturbed Einstein equations to write 1) and ¢ in terms of
the density contrast and velocity perturbations.

e Adiabatic condition:
Om = =0, . (109)
o We get
1 1
Y = —56, = constant, — Aqy= —51/}, (110)
which describe the temperature perturbations due to the

metric perturbations on the last scattering surface. This
is an ordinary Sachs-Wolfe effect.



Perturbations on large scales

e When the universe evolves through the matter-radiation
equality the metric perturbation on large scales changes.

e This gives the contribution to the ordinary Sachs-Wolfe
effect, such that

[Aro+y] =30, (1)

which is the Sachs-Wolfe effect.



free streaming

e After recombination, photons decouple from baryons and
consequently freely propagate (free streaming) from the
last scattering surface to observers at present.

e for | > 2, the EOM for photon multipoles takes the form
of the recursion relation of the spherical Bessel function

Ji(x),
d I I+1 .
2 _ X)) — = 112
D) = grpiat) — o (), (112)
d / I+1
ik _ ki1 (k) — ki1 (k).
= k) o4 11 k7) = 5 i (k)



free streaming

e The EOMs for monopole and dipole of photon
perturbations can be written in the form of the recursion
relation of the spherical Bessel function as follows:

ATo =

AT1 =

—kAm1 4+ O, (113)
~—
extra term
k 2k k
~—~
extra term

e The extra term in Eq. (114) can be eliminated if A g is

redefined as

e Hence,

Aro=DAro+1). (115)

Aro=—kAri+o+v, Ari=_-Arp—"Arn.



free streaming

e The evolution equations of the photon perturbations can
be written for all multipoles as

d / I+1 S
EATI = mkAT(I—l) mkAT(H-l)‘H;IO (Cb + v
(117)

N—

e Let us define

x= [ ar [0+ 6] ik = k7). Y= BrrrdoX.

(118)
where 7, denotes the starting time.
e Hence, Eq. (117) becomes
d / I+1
—Y = —— kY, 1. (119)

—kY)_1 —
dr 2l +1 2 +1



free streaming

e Choosing the starting time of the integration to be
T, = T, Where 74 is the conformal time at the Last
scattering surface, the solution for the equation in the
previous slide is

A7 (7, k) = [Aro + Y] (75, k)i (k(T = 75))
SW effect

w a5+ ) i = k) L (120)

where a subscript s denotes evaluation on the Last
scattering surface, the second term on the RHS of this
equation is the contribution to the temperature
perturbations from the time-dependence of the metric
perturbations, and this contribution is the integrated
Sachs-Wolfe (ISW) effect arising during free streaming.



free streaming

e The free streaming can distribute oscillation of the
temperature perturbations in photon-baryon fluid on the
Last scattering surface to higher multipoles.

ATI(TO;/() - ATO,osc (Tsak).j/ (kT*) ) (121)
where 7, = 79 — Ts.

e For the adiabatic case, A1g osc (75, k) has peaks at

k:z—”, ne{l,3,5,.}. (122)
Is



free streaming

e According to the maximum of the spherical Bessel
function ji(k7.) at | ~ kT, the maximum of A%, .
observed at the present occurs around

| = g—fr* =nly, ne{l,3,5,.}. (123)

where /4 is a characteristic acoustic index.



Line of Sight Integration

e The reference of this topic is [astro-ph/9603033]. We
define differential optical depth for Thomson scattering as
K = an.or.

e When the polarization is included, the Boltzmann
equation for photon perturbations becomes

AD +ikun® = o — ik

. ) 1
+K —A(f) + A(ng + ipuvp + §P2(M)|_| , (124)

where A(f) is the scalar mode of the temperature
perturbation.
e Here,
N=2a%+a5) +a%) (125)

where A(PS) is the scalar mode of polarization in
temperature perturbation.



Line of Sight Integration

e The Boltzmann equation can be written in the integral
form as

70

AP = / dr g SP(k7).  (126)

angular dependent

e For the temperature perturbation, the source term is

v, N30
Sk, 7) = g(AToﬂp—f—Z—W) (127)
e oy (ve 3\ 3g"M
+ e " (¢ + ) g(k+4k2) e

(128)



Line of Sight Integration

e We use the decomposition

oo

oikn(r=m0) _ 2(2/ + 1)(=)ji(k(ro — 7)) Pi(p) . (129)

=0

e We finally get

70
A, (k7 = 10) = / Sk, )ilk(7o — T)]d.
(130)

(5)
(T.P)I

in to S(TSL, which does not depend on the multipole
moment / and a geometrical term j;, which does not
depend on the particular cosmological model.

e The advantage of (130) is the decomposition of A



CLASS

e input.c = precompute Bessel function, read cosmological
parameters, tune initial conditions

e background.c = solve evolution equations for the
background universe

e thermodynamics.c = compute evolution of number
density of electron

e perturbations.c = compute evolution of the perturbations
in all species

e compute CMB angular power spectrra and matter power
spectra



Basic

of 341 decomposition

To use package xTensor in Mathematica to compute
evolution equations for the perturbations, it is convenient
to perform the calculation in 3+1 formalism. The
reference is gr-qc/0703035.

In vector analysis, we can define a two-dimensional plane
in three-dimensional space using the unit vector i that is
normal to the plane.

We can decompose any vector in three-dimensional space
to two parts.

The first is the projection of the vector along i, and the
second is the projection on the plane.



Basic of 3+1 decomposition

e A vector A can be projected along i using a scalar
product A, = A-i

e Hence, the vector ﬁp =A— nA, is a vector that is
normal to n, i.e., lies on the plane.

e We can define the projection operater, P =1 — 7 ® A, to
project any vector on the plane defined by normal vector
i, where | is the identity matrix and ® denotes the tensor
product.



Basic of 3+1 decomposition

e In four-dimensional spacetime, the three-dimensional
hypersurface can be defined using a one-form n, that is
normal to any vectors lie on the hypersurface.

e The hypersurfaces are space-like if their normal one-form
is time-like, while they are time-like if the normal
one-form is space-like.

e We use the unit time-like n, to define the space like
hypersurfaces.

e Hence, the projection operator is defined as

P? =68 + non”. (131)



Basic of 3+1 decomposition

e It is easy to show that P?n® = 0 because n“ is normal to
the hypersurfaces.

e Tensor T,, is on hypersurfaces
T =Py T . (132)

e The projection of the metric tensor g, on the
hypersurfaces is

gMVPg'Dg - gaﬁ—‘rnan[; = ha,B; (133)

where h,z is the metric tensor of the space-like
hypersurface defined by n,,.



Basic of 3+1 decomposition

e The metric tensor can be written in the form of the
Arnowitt—Deser—Misner (ADM) metric as

ds? = gudx!dx” = —N?dt? —i—hU(N dt+dx’ )(Nfdt—i—dxf),

(134)
where N is a Lapse function and n' (defined on the
hypersurface) is a shift vector.

e The Latin indices denote the indices of the quantities on
the hypersurface, which are raised or lowered by the
metric hj;.

e The metric hj can be used to compute the intrinsic
curvature of the hypersurface as

IRy = Tk — Ok + Tk} — Th T

g

(135)

where ) R;; is the Ricci tensor of the hypersurface.



Basic of 3+1 decomposition

e The Christoffel symbol on the hypersurface:

1 .
Fg. = Ehkl (a,-hU/] + 0jhi — 8/hij) . (136)

e The extrinsic curvature of the hypersurface can be
computed from

1 .
Kij = ﬁ (hU — D,-nj — Djni> . (137)

e The Ricci scalar of the four-dimensional spacetime can be
expressed as

R=® R4+ K;Ki — K?, (138)

where ®R = hI®R; and K = hiK;;.



Basic of 3+1 decomposition

e The component 0-0 of the Einstein equation can be
obtained by projecting both indices along n*:

1 1 1
G ntn” = 5(3)/? + 5K2 — S KK = Twn'n”  u (139)

where we have set 871G = 1.

e The component 0-i of the Einstein equation can be
obtained by projecting one index along n* and another
index on the hypersurface:

Pin’G,, = P*n’R,, = DiK — D;K! = Prn¥ T,

n

(140)

where D; is the covariant derivative compatible with hj;.
e In terms of the Lapse function and the shift vector, we
have

= (%-%) n = (=N,0) . (141)



Perturbations

We consider the Newtonian gauge:

& = N =0,
go = —N°=-a"(1+2),
g = hy=2"(1-2¢)d;,

1 1
peo— 2= .
5 a\ (1 +25/\/)’0)



